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Abstract. In this paper we investigate the structure of intermediate vertex al- 
gebras associated with a maximal conformal embedding of a reductive Lie algebra 
in a semisimple Lie algebra of classical type. 
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I. Introduction 

Let g be a semisimple finite-dimensional complex Lie algebra and t a reductive 
subalgebra of g. The embedding t <->• g is called conformal if the central charges 
of the Sugawara construction of the Virasoro algebra for the affinizations g, £ are 
equal. Conformal embeddings were popular in physics literature in the mid 80's, 
due to their relevance for string compactifications. In particular, maximal conformal 
embeddings were classified in [29], pQ. In the vertex algebra framework the definition 
can be rephrased as follows: the simple affine vertex algebras Vk(t) and V\(g) have 
the same Sugawara conformal vector for some multiindex k of levels. 
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Recall that an irreducible module M over a vertex algebra V is called a simple 
current if for any irreducible ^-module M 2 there exists a unique irreducible V- 

M 3 



module M 3 such that the space of intertwiners 



is one-dimensional and 



M M 2 

{0} for any irreducible ^/-module S not isomorphic to M 3 . A simple 



S 

M M 2 

current extension of V is a simple vertex operator algebra W containing V such 
that V and W have the same Sugawara conformal vector and there is grading 
W = J2aeD W a of W by an abelian group D such that W° = V and W a is a simple 
current for V for any a G D. 

Our main result is the following theorem, which appears as Theorem 17.41 in the 
body of the paper. 

Theorem 1.1. Let t ^ q be a maximal conformal embedding and q a simple 
classical Lie algebra. Assume that W is a simple vertex subalgebra of Vi(g) such 
that Vj(t) C W. Then either W = Vi(fj) or W is a simple current extension of 
V*(£). Moreover, all these extensions are explicitly described. 

As detailed in Remark 1 7. 11 the theorem holds when t is a regular subalgebra of a 
simple Lie algebra q of exceptional type. We have not been able to settle the case 
when 6 is not regular. However Remark 17.21 leads us to think that the theorem is 
true in this case too: 



Conjecture 1.1: Theorem [777] holds for any conformal embedding t°-yg. 

A motivation for this paper comes from the following conjecture, which is a vertex 
algebra version of conjecture 1.2 in |31j : 

Conjecture 1.2 (generalized Wall's conjecture for vertex algebras): Suppose that B 
is a vertex algebra and A C B is a vertex subalgebra. Assume that B decomposes into 
a direct sum of finitely many irreducible representations of A. Then the number of 
minimal (maximal) vertex subalgebras between A and B is less than dim(EndA(B)) , 
where EndA{B) is the space of linear maps from B to itself which commutes with 
the action of A. 

Note that in the special case when A is the fixed point subalgebra of B under a 
suitable action of a finite group G, by the Galois correspondence (cf. [11], [21]), the 
intermediate vertex subalgebras between A and B are in one to one correspondence 
with subgroups of G, and minimal/maximal vertex subalgebras correspond to max- 
imal/minimal subgroups of G. So the minimal version of the above conjecture in 
this case states that the number of maximal subgroups of G is less than the order 
of G, and this is the original 1961 conjecture of G.E. Wall. The maximal version of 
the above conjecture in this case states that the number of minimal subgroups of 
G is less than the order of G, and this can be directly checked as follows: note that 
any minimal subgroup of G is a cyclic group of prime order, and so any two such 
minimal subgroups intersect only at identity. It follows that the number of minimal 
subgroups of G is less than the order of G. 

In Xu's paper [3Tj, the above conjecture was tested for a special class of A C B 
coming from conformal embeddings. In particular, in Theorem 3.14 of [21] all simple 
intermediate vertex algebras in these cases are listed. The proof in [31] is a mixture 
of techniques from the theory of subfactors and uses unbounded smeared vertex 
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operators. The main theorem of this paper gives a vast generalization of Theorem 
3.14 of [21] using very different methods. 

Theorem 11.11 can be nicely illustrated by the case of the maximal conformal em- 
bedding q so(q). This example does not have the many technical complications 
of the general case, but it is enlightening in showing the ideas underlying the proof. 
We therefore refer the reader to Section [2] for an outline of proof in this special case. 

A key tool in our treatment is given by the decomposition formulas found in [7j. 
In that paper, starting from a conformal embedding t <^-> so(p) associated to an 
infinitesimal symmetric space q = t © p , we found explicit formulas expressing the 
decomposition of the basic module of $j in t-irreducibles. Also, we provided a com- 
binatorial interpretation of these decompositions in terms of the abelian subspaces 
of p that are stable with respect to the action of a Borel subalgebra of t. 

In the present paper, we first generalize the results of [7J to any conformal em- 
bedding in a classical simple Lie algebra. It is very convenient, in view of this 
generalization, to reformulate our previous result in the framework of affine vertex 
algebras rather than that of basic modules of affine Lie algebras. This is done in 
Theorem 16. li The generalization to the classical case is given in Theorem 16.51 With 
this generalized result available, we proceed to prove Theorem 11.11 along the lines 
of the adjoint case. 

A natural question left open by Theorem 11.11 is to analyze the structure of the 
simple current extensions, or, in other terms, to determine the abelian groups 
parametrizing the extensions. This is done in the last section, where we relate 
these groups to certain subgroups of the center of the connected simply connected 
Lie group corresponding to t (cf. Proposition 18.21) . These subgroups turn out to be 
characterized by suitable integrality conditions: see Proposition 18.31 and Corollary 



The paper is organized as follows. In Section [2] we discuss the strategy of proof 
of Theorem 11.11 in the adjoint case. Section [3] is divided in several subsections. 
In the first three subsections we recall a few basic facts on vertex algebras and 
perform some calculations in the fermionic vertex algebra needed in what follows. 
In Section 13.41 we discuss the notion of conformal embedding from several points of 
view. In 13.51 we highlight the relationships of conformal embeddings with the finite 
decomposition property and we also apply a criterion by Kac and Wakimoto to 
classify the instances of finite decomposition at admissible rational non-integer levels 
(completing results of Adamovic and Perse [2]). Section |4] contains the material 
we need about representations of vertex algebras, with special emphasis on fusion 
coefficients and simple currents. In Section [5] we collect all the results from the 
theory of symmetric pairs which will be used in the derivation of the decomposition 
formulas. In Section [6] we state and prove the decomposition theorems, and in 
Section [7J we apply them to prove Theorem 11.11 Section [H] illustrates the final 
sentence of Theorem ll.il yielding an explicit description of the groups parametrizing 
the simple currents extensions. 



Notational conventions. Regarding Dynkin diagrams, we use the conventions for 
names and numberings of [20], Chapter 4, Tables Fin, Aff 1-2. 
We denote by N the set of nonnegative integers. 



4 



KAC, MOSENEDER, PAPI, XU 



Acknowledgments. We would like to thank Christian Krattenthaler for providing 
references about the evaluation of the determinant (13. 6p . 

2. The adjoint case 

In this section we sketch the proof of Theorem 11.11 in the case of the conformal 
embedding of a simple Lie algebra g in so(g). Precise definitions and references will 
be given in the next sections. 

Let Vfc(g) denote the simple affine vertex algebra of level k G N (cf. 13. 3p . It 
is known that the irreducible Vfc(g)-modules with highest weight ku where a; is a 
minuscule fundamental weight of g are simple currents for Vk(g). We call them 
special simple currents. In this section we give an outline of proof of the following 
special case of Theorem 11.11 

Theorem 2.1. Let g be a simple Lie algebra and let h v be its dual Coxeter number. 
The only simple vertex operator algebras V such that V^v(g) C V C Vi(so(g)) are 
simple currents extensions o/V/ l v(g) whose factors are special simple currents. 

We identify V\(so(g)) with the basic module L(Aq), where Ao is the 0-th funda- 
mental weight for so(g). Next we realize L(Ao) explicitly as the even part of the 
fermionic vertex algebra F(g) of (g, (-, ■)) where g is g seen as an odd space and (-, •) 
is the Killing form on g (cf. 13. 1 [) . If x G g, we let x be the corresponding element 
ofF(fl). 

If X G so(g), set Q(X) = | J2i '■ X(xi)x z : where {xi} is a basis of g and {x 1 } its 
dual basis. In the identification Vi(so(g)) = L(A ) C F(g), an element X of so(g) 
is mapped to Q(X). 

Let h be a Cartan subalgebra of g. Choose a non-zero vector x a in the root space 
g a corresponding to the positive root a and consider x_ a such that (x Q ,x_ Q ) = 1. 

Let A be the 0-th fundamental weight for g. According to [7] , as a representation 
of the derived algebra of g, we have 

L(A )= L(h v A + (/)), 
ieAbo 

where Abo is the set of even dimensional abelian ideals in a (suitable) Borel subal- 
gebra b of g and (J) = J2 3a ci a - Moreover, the highest vector of L(h v A + (J)) is 
given by 

vi =: _ [ x a : 

Likewise, we introduce 

v-i =: _ [ x^ a : . 

SaCl 

We identify V^v (g) with L(h v A ), so, if V is a vertex algebra intermediate between 
L(h v A ) and L(A ), then 

V/ = ^ L(/i v Ao + (/}) 

IeAb v 

with A6y a subset of Ab . 
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Write E a a G gl(o) for the linear transformation, diagonal in the given basis, such 
that E aa (x a ) = x a , E a , a ( x p) = for j3 7^ a, and E a ^ a (h) = for h G f). A special 
case of formula (13. 9p gives that, 

(Vl)(2n-2)V-I = ^ ®( E a,a ~ E- a - a ). 

SaCl 

If 7 G Aby then vj G V. It is easy to check (see also [251 Remark 4.10]) that if 
7 G Ab Q , then there is a unique ideal 7* G Ab such that (7*) = —Wq((I)). Here 
u>o is the longest element of the Weyl group of q. The simplicity of V implies that, 
if 7(/i v A + (/)) C V, then L(h v A + (J*)) C V (see Lemma O below) . Since 
u_j G 7(/i v A + (/*)), we have that u_j G V. It follows that J2 BaC i ®( E a,a ~ 
E- a - a ) G ^) so that V contains both G(ad(g)) and ^ 0ctC/ ©(T^q, — E- a - a ). If 
^ gaC/ (£' Q , a — E- a - a ) a d(d), then, since the conformal embedding of ad(g) in 
so(g) is maximal , we have that so(g>) C V, but then V = Vi(q). Otherwise, we 
have ^2 gaC j{E a)a — E- a _ a ) = ad(h) with h G f). Since ad(/i) = XlagA a (h)E a ^ a , 
there is a simple root «j such that a, 6 / and this can be shown to imply that ccj 
has coefficient 1 in the highest root and 7 is the nilradical of the maximal parabolic 
corresponding to aij. Thus (7) = h v Ui, and Ui is a minuscule fundamental weight 
of q. But then L(/i v (Ao + Wj)) is a special simple current. 

3. Vertex algebras 

For basic notions on the theory of vertex algebras we refer the reader to [22] or 
§1]. We will be mainly consistent with notation used in the latter reference. 
In particular, we shall denote by a t-> Y(a,z) = Yln& a {n) z ~ n ~ 1 the state-field 
correspondence, by T the translation operator and by p(a) the parity of a G V. For 
a, b G V we set p(a, b) = (-l)p( a W b ). 

A conformal (or Virasoro) element in a vertex algebra V is a vector u in V, 
such that the associated field Y(u,z) = J2 n & UJ (n) z ~ n ~ 1 nas the following three 
properties: 

(1) [u x u] = (T + 2\)u + eg for some c G C; 

(2) urn is diagonalizable; 

(3) w (0 ) = T. 

The number c is called the central charge of u. Write V = © ne cKi for the eigenspace 
decomposition of V with respect to um. If v G V n , then n is called the conformal 
weight of v and it is denoted by A„. As shown in Proposition 1.15 of [9] 

(3.1) A a(n) b = A a + A 6 - n - 1, A r( a) = A a + 1. 

Recall that Vi/TVo acquires a natural structure of Lie algebra, with bracket 
defined by [a + TV , b + TV ] = a^b + TV . In particular, if V = C|0), then V\ is 
a Lie algebra with bracket [a, b] = a^b. 

If A, B are subspaces of V, we define, following [31 Remark 7.6] 

(3.2) A ■ B = Span{a( n )b | a G A,b G 5, n G Z}. 

Lemma 3.1. (oj T/ie product (13.21) and t/ie vector space sum define on the set of 
all T -stable subspaces of V a structure of unital associative commutative ring Ay. 

(b) If V is a simple vertex algebra, then the ring Ay is a domain. 

(c) IfVisa simple vertex algebra, and a,b G V are such that b ^ and Y(a, z)b = 
0, then a = 0. 
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Proof. The subspace C|0) is an identity element of Ay by (1.23) and (1.24) of [9]. 
The associativity of the product (13. 2p follows from the Borcherds identity (see [HJ 
(1.28)]) and commutativity follows from the skewsymmetry (see [HJ (1.29)]), proving 
(a). ' 

Claim (b) follows from (c). In order to prove (c), it is enough to show that, if 
a, b G V, b 7^ and Y(a, z)b = 0, then a = 0. Consider the set Cent{b) = {a G 
V | Y(a,z)b = 0}. We claim that Cent(b) is an ideal of V. It is T-stable, since 
Y(Ta, z) = d z Y(a, z). Moreover by the Borcherds identity (cf. (1.28) of [9]), letting 
m » 0, we find that if x G V, a G Cent(b), then, for any k, n G Z, 

[^)( x (n+j)a)(m+k-j)b = 

Choose N so that X(h\a = for h > N. An obvious induction on t > shows that 
{x(N-t)a){r)b = for all t > and all r. Hence Cent(b) is a left ideal, and since 
it is T-stable it is a 2-sided ideal (by skewsymmetry). Since V is simple, we have 
either Cent(b) = {0} or Cent(b) = V. In the latter case, from the skewsymmetry 
relation, we get that Y(b, z) = 0, which contradicts the assumption that b ^ 0. □ 

3.1. The fermionic vertex algebra. If A is a vector space we write A for the 
totally odd vector superspace such that A = {0} and A 1 = A. If a G A, write a to 
denote a seen as an element of A. Assume that A is equipped with a nondegenerate 
symmetric bilinear form (-,-). Then one can construct the Clifford Lie conformal 
algebra as 

R C \A) = (C[T] (8) A) © CK, 

with the A-bracket 

(3.3) [a x b] = (a, b)K [a x K] = [K X K] = 0, a, b G A, 

and T acting on C[T] ® ^4 by left multiplication and trivially on K. Let V(A) be 
the universal enveloping vertex algebra of this Lie conformal algebra. The vertex 
algebra 

F{A) = V{A)I :{K-1)V{A): 

is called the fermionic vertex algebra. 

The fermionic vertex algebra has a Virasoro element: 

(3.4) u A = l -Y. '■ T ^ : ' 
where {x{\ and {x 1 } is a pair of dual bases of A. 

3.2. Some calculations in the fermionic vertex algebra. The goal of this 
section is to prove formula (13. Sp in Proposition 13. 6\ which will be needed in the 
sequel. 

Lemma 3.2. Ifx,y£A are such that (x,y) = 1, then 
(1) 

[T n {y) x : T ni (x)T n2 (x) . . .T nfc (x) :] 

k ______ 

= J](-l) m (-A) n A ni :T ni (x)T n2 (x)...f^(F)...T nfc (x) : . 
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(2) 

[: T n i(x)T n *(x)...T n *(x) : A T n (y)} 

k 

= ^(-l) fc ^(A + T) n (-A-T)™ 1 : T ni (x)T n2 (x) . . . T"*(i) . . . T" fc (x) : . 

i=l 

Proof. The first formula is a direct application of Wick's formula. The second 
formula is obtained from the first by applying skew-symmetry of the A-bracket. □ 

We let Ar aA w be the conformal weight of the leading coefficient of the polynomial 
[a\b]. If n G N k , set T n (x) = T ni {x) ■ ■ -T nk (x). In what follows we will use many 
times (jO]l . 

Lemma 3.3. If n G N h , m G N fc h< k, and [: T n (x) : A : T m (y) :] ^ 0, then 

\.T"(x):y.T™(y):] > minfai) + \. 

Proof. The proof is by induction on h. If h — 1, then the result follows from Lemma 
[3721 If /i > 1, set iij = (m, . . . , Ui, . . . , n h ) G N' 1 " 1 . By Wick's formula 

[: V'V) : A : 7 m (//) :] =: [: T n (x) : A : V" (,/) :7"» : (/,) : 
+ (-l) A :T mi (j/)[: T n (x) : A : T mi (#) :] : 

- (-1)" E(" X ) m A A " ^) mi ("A + ^T- T»«(x) y T mi (y) :]<*/*. 
i=i 70 

The conformal weight of the first summand is clearly bigger than m 2 + |. The 
conformal weight of the second summand is clearly bigger than mi + - . Finally, by 
the induction hypothesis, 

A[ : T»i( S ): M: T m i(y) : ] > min(m 2 , . . . , m k ) + \. 
The result follows. □ 

If n, m G N fc , set A(n, m) = ((— (mi+rij)!)i<ij< fc andC(n, m) = deL4(n, m). 
For = 0, we set C(0,0) = 0. Let Nj? es be the set of all n such that 7^ rij for 
i ^ j. Introduce the divided powers = 

Lemma 3.4. Assume n, m G Nj; efl; A; > 1. let jo (resp. io) be the index such that 
rij = minirij) (resp. m io = min(mi) ). Set N = A, T n^. + A. T m^y — 1. 
If(x,y) = 1, &en 

[: V"(.r) : A : T m (y) :] = 

(-l)[ fe / 2 ]L7(n,m)A( 7V )|0) 

+ (-l)[ fe / 2 ](-l) io+J '°C(n io ,m io )A (Jv ^o- m *o- 1 ) : T n ^o (x)T m *o (y) : 
+ lower order terms. 

Proof. The proof is by induction on k. If k = 1, then 

[: T n (x) : A : T m (y) :] = (-l)"A n+m = (-l) n (m + n)!A {n+m) , 

as desired. 
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If k > 1, we can assume that z'o = jo — 1. By Wick's formula and Lemma 
[: T n (x) : A : 7 "»(//) :] =: [: T n (x) : A : V f " : (//) : 7 111 (//) : 
+ (-l) fc :T mi (y)[: T n (x) : A : T mi (#) :] : 

i=i ■ / ° 

By Lemma l373| the conformal weights occurring in the first summand are greater or 
equal than m + minimi \ i > 2) + 1. Since ni + minimi \ i > 2) + 1 > mi + rii + 1, 
we see that 
(3.5) 

[: T n (x) : A : T m (y) :] = (-l) fc : T" (//) : T n (x) : A : 7 111 i/y) :] : 

i=i Jo 
+ lower order terms. 

Applying Wick's formula and Lemma 13.2} we obtain that 

[: T n (x) : A : T^(y) :] =: e T9 ^(x)[: T ni (x) : A : T^(y) :] : 

+ (-l) fc_1 : e T9x T ai {x)[: T ni (x) : A : T mi (y) :] : 

+ (-l) fc " 1 yVl) m /VA + /i) ni (A-/ir +1 [:T ni (x) :„:7'^ (//) 



i=l 



The conformal weight of the second summand is bigger than minijii \ i > 1) + ~ 
and, by Lemma 13. 3} the conformal weights of the terms occurring in the third sum 
are bigger than minijii \ i > 1) + | as well. Since minijii \ i > 1) + | > n\ + ~, 
substituting in (I3.5p . we have 

[: T n (^) : A : T m (y) :] = (-l) fe : T m \y)e Td -T n \x)\. T ni (x) : A : T mi (y) :] : 

+ lower order terms. 
By the induction hypothesis, we find that 
[ : T n (x) : A : T m (y) :] = (-l) k+ ^ k - 1 ^C(n 1 ,m 1 )X^ N ~ mi - ni ^ : T ni (x)T mi (y) : 

— (-l) fc+ [( fc - 1 )/ 2 ]y'(-l) <+1 C(n jj m 1 ) / (-l) ni (A-/i) mi+n > (Ar - ni - mi - 2) |0)^ 

i=i ^° 
+ lower order terms. 

Now observe that 

(-l) n '(X - fi) mi+n ^ {N ~ n >- mi ~ 2) du = (-l) ni (mi + rii)!A (Ar) 

and that — (— l^+K* -1 )/ 2 ] = (_i)[ fe / 2 ] ; hence the proof is complete. □ 
Let n! = (0,1,..., n) e N n+1 . 
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Corollary 3.5. Let N = (n + l) 2 — 1. If n > 1 and (x,y) = 1 then 

n 

[: T n! (x) : A : T nl {y) :] = (JJ z!) 2 (A (iV) |0> + (n + l)A (iV_1) : ^ :) + Zower order terms. 

i=0 

Proof. We note that A.yn!( S v = (n + l) 2 /2. Moreover 

C(n!,n!) = de£((-l)^ + j)!)o< 4J <n = (-l) [fc/2 W((i + j)!^,^. 
The latter determinant is classically evaluated as (see e.g. [26] ) 



n 

\2 



det((i + j)\) <ij<n = Yl^-f 

i=i 

Note that 

C(nh, nh) = det((-iy(i + j)!)i< M < n = (-l) [fc/2l det((2 + j)!)i< M < r 
Using Proposition 1 in Section 2.1 of [25], one can show that 



n 

2 



(3.6) det((i + j)0i<i,i<n = (n + 1) JJ(i!) 



i=l 



The statement now follows from Lemma I3.4L □ 

Let A' be a subspace of A such that A = A' © Then the map a®b i— >■: a6 : 

establishes an isomorphism between i^A') <E) F^A')- 1 ) and -F(A). Hence, if a', 6' e 
F(A') and a",b" G 

: a'a" : (n) : 6'6" := p(a", 6') ]T : (a' (r) &')(a;' s) &") : ■ 

r+s=n— 1 

In particular, if JV' = A / + A b > - 1, AT" = A a » + A v > - 1, and N — N' + N" + 1, 
then 

(3.7) [a'a'lb'b"} = p(b', a") : (a{ Nf) b')(a'( Nf/) b") : A (Ar) 

+ p(a',a")(: (a'(jv'_i)&0( a (V) 6 '') : + : { a '{N') b '){ a '{N" -i) h ") ■)^ {N ~ 1) 
+ lower order terms. 

We are now ready to prove the main result of this section. Set C n = YYi=o(^-) 2 - 

Proposition 3.6. Assume that x\, . . . ,Xk,yi, ■ ■ ■ ,Vk £ A are such that (xi,Xj) = 
{Vii Uj) = f or a M hJ an d ( x ii Uj) = Fi x ni, ... ,nk E.N and set 

a=:T ni! (x 1 )...T nk! (x fc ) : 

and 

b=:T^\y l )...T^{y k ):. 

Then 

(3.8) [a x b] =IJ(-l)(»i+i)(»i+i) f[C ni (\W\0) + A^ 1 ) + 1) : x^ 

i<j i=l \ i=l 

+ lower order terms, 
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where N = Yli=i{ n i + l) 2 — 1- In particular 

(3.9) : A : //,...//;.: (-1)^ (\0) + A^" 2 ^ : x t y t :)) 

i 

+ lower order terms. 

Proof. By formula (1.40) of [9], we have that 

a =:: T ni! (xi) : • • • : T^\x k ) ::, b =:: T" 1 ^) : • • • : T^\y k ) :: . 

We can therefore apply repeatedly ( 13. 7p combined with Corollary 13.51 to obtain the 
result. □ 

3.3. The afRne vertex algebra. Let g be a simple or abelian finite dimensional 
complex Lie algebra. 

Let (•, •) be the normalized nondegenerate invariant symmetric bilinear form on 
Qi (i.e., the square length of a long root of g is 2); if g is abelian, any non-degenerate 
symmetric bilinear form will do. One defines the Lie conformal algebra Cur(o) as 

Cur(g) = (C[T] <g> g) + CK 

with A-bracket defined for a, b G 1 <E> g by 

[a x b] = [a, b] + A (a, b)K, a,b G g, 
[a A A] = [A A A] = 0. 

Let V(g) be its universal enveloping vertex algebra. Let h v be the dual Coxeter 
number of g (h v = if g is abelian), and choose fc G C with fc 7^ — /i v . The vertex 
algebra 

V k ( Q ) = V( Q )/:(K-k\0))V(g): 

is called the teveZ k universal affine vertex algebra. It has a unique simple quotient 
14(g) called the ZeweZ k simple affine vertex algebra. If g is reductive, let g = 
go © gi © • ■ ■ © Qs with g abelian and Qi simple ideals for i — 1, . . . , s. If k G C s+1 , 
we define 

V\q) = V k »( Qo ) ® V fcl (0i) ® ■ ■ • ® ^ fcs (g s ). 

and 

Vk(g) = Vfe (g ) <8> ^(gi) ® • - ■ ® Vfc a (fl«). 

Note that both V*(g) and 14(g) are vertex algebras with Virasoro element u g given 
by the Sugawara construction: 

s 1 dimgj 



^ 2(k, + W) 2-. ■ *> x ) 

j=0 v 3 3 i=l 



Here {xf}, {x l A are dual bases of g^ and /ij is its dual Coxeter number. 

Observe that ^ k (g) = CjO) , so V k (o)i is a Lie algebra. The obvious embedding 
of g in Cur(g) defines an embedding of g in V k (o) and it is easy to check that the 
image of this embedding is precisely V^ k (g)i. If it : V k (g) — > Vk(g) is the canonical 
homomorphism, then it is not hard to check that ir is injective when restricted to 
^ k (g)i, thus we can identify Vk(g)i and g. 
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3.4. Conformal embeddings. 

Definition 3.1. Let V and W be vertex algebras equipped with Virasoro elements 
toy, uw o,nd assume that W is a vertex subalgebra ofV. We say that W is confor- 
mally embedded if uy = oo\v ■ 

The following construction provides several examples of conformal embeddings. 
Let a = t©p be the eigenspace decomposition of an involution a of a semisimple Lie 
algebra a. In this case it is usually said that (a, r) is a symmetric pair. Let a = ffia s 
be the decomposition of a into a-indecomposable ideals. Let (•, •) be the Killing 
form of a. Clearly (-, ■) is nondegenerate when restricted to p. Write t = J2s=o X:s 
with to abelian and ts simple ideal for S > 0. Let (-, -)o = g("> ')|r xr an d, if S > 0, 
let (-, -)s be the normalized invariant form on ts ■ Let ad p denote the adjoint action 
of t on p. Set tif to be the dual Coxeter number of a« (since <7| ai is indecomposable, 
dj is either simple or the sum of two isomorphic simple ideals, and in the latter case 
ti( is the dual Coxeter number of one of these simple ideals). If S > 0, let tig be 
the dual Coxeter number of Vs. Set, for S > 0, 

js = n s h y is - h v s 

where ns = rv-j — \, a is any long root of Xs and <Xi s is the unique indecomposable 
ideal containing xs- Set also jo = 1. Then, (see [JJ Section 2]) 

(3.10) \tr{ad 9 {ti)ad 9 {ti)) = j s {h, ti) s 
for any h, h' G ts- Set 

(3.11) j = (j ,...,j M )- 

Let {xi} a basis of p, and {x 1 } its dual basis. It was shown by Kac and Peterson 
(when a is inner) [16] and by Goddard, Nahm and Olive [15] that the map 

(3.12) e(x) = iJ2 : W^W- 

i 

can be extended to an embedding of Vj(t) in F(Jp). 

Moreover the image of the Virasoro element of Vj(t) in F(p) coincides with Up 
(cf. (13.41) ). Thus Vj(t) embeds conformally in F(p). 

The other way around also holds: let 

s 

(3.13) e = fi ©X^ 

1=1 

be a reductive Lie algebra with, as usual, t abelian and simple ideals for i > 0. 
The symmetric space theorem [15] implies the following statement. 

Proposition 3.7. If t is such that 

i. there is vertex algebra embedding o/Vk(l) in F(A) for some vector space A 
and some keC*xN s ; 

ii. the Virasoro elements ofV^t) and F(A) coincide, 

then there is a symmetric pair (a, t) such that t = t and p = A; moreover, k = j. 

A special case of the above discussion occurs when we consider a vector space A 
with a nondegenerate bilinear symmetric form (-,-), and embed A in A = A © C 
with the form extended by (a, 1) = for a G A and (1,1) = 1. Let L be the linear 
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map on A defined by L(a + c) = —a + c. Then a = Ad(L) is an involution of 
so(A, (-, ■)) and the corresponding eigenspace decomposition is 

S0{A,{;-)) = S0{A,{;-))®A. 

The adjoint action of so(A, (•, •)) on A coincides with the standard action of 
so(A, (•,•)) on A. In this case the above construction gives that V\{so{A, (•, •)) 
embeds conformally in F(A) and the embedding is given by the extension of the 
map 6 defined by 

(3.14) 6(X) = i^:X(^:. 

i 

Note also that F(A) = C|0), so F(A)i i s a Lie algebra. One checks easily that 
the map between so(A, (-, ■)) = Vi(so(A, (•, and F(A)i defined above is onto. 
Thus gives an isomorphism between F(A)i and so(A, (•, •)). 

Set 

(3.15) F(A)° = © neN F(A) n . 

Since Vi(so(A, (;_■)) n ^ {0} only if n G N, it is clear that Q(Vi(so(A, (-,■))) C 
F(A)°. Since F{A) 1 C Q{Vi{so{A, (-, •))), we can identify and Vi(so(A, (•, ■)). 

Definition 3.2. If q is a simple Lie algebra and £ is a reductive subalgebra as in 
(I3.13p . we say that t is conformally embedded in g, if there is k G C* x N M sitc/i 
t/iat Vk(t) «s conformally embedded in Vi(g). 

Remark 3.1. If (a, t) is a symmetric pair, it is clear that maps Vj(r) in -F(p) = 
Vi(so(p)). Thus r is conformally embedded in g = so(p) and the symmetric space 
theorem implies that any conformal embedding in so(n, C) arises in this way. 

Remark 3.2. If t ^ g is a conformal embedding and is a reductive subalgebra 
of q containing £, then is conformal in q. This follows from the fact that, since 
V\(q) is a unitarizable Vi(g)-module, then the equality of the Virasoro elements is 
equivalent to the equality of the corresponding central charges. Thus, if is a max- 
imal conformal subalgebra of g, then it is actually a maximal reductive subalgebra. 
The list of such maximal embeddings is given in [TJ . 

3.5. Finite decomposition property. The notion of conformal embedding first 
arose in literature in a slightly different way. Consider a pair (g, t), where g is a 
finite-dimensional simple Lie algebra over C and £ is a reductive subalgebra of g, such 
that the restriction of the Killing form of g to t is non-degenerate. Denote by g, t the 
corresponding affinizations [20] • Recall that a level k highest weight representation 
of g can be naturally viewed as a representation of V fe (g) (cf. [22] )• It is well-known 
that any integrable highest weight g-module, when restricted to t, decomposes into 
a direct sum of irreducible t- modules [20], but almost always this decomposition 
is infinite. As we have already remarked, the first cases of a finite decomposition 
were found in |16j . This led to define the notion of a conformal pair in terms of 
the following finite decomposition property: I was called a conformal subalgebra of 
g if there exists an integrable highest weight module V over the affine Kac-Moody 
algebra g, faithful on each simple component of g, such that the restriction to £ of 
each weight space of the center $(t) of t in V decomposes into a finite direct sum 
of irreducible ^-modules. 
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It was readily found that the decomposition in question is finite if and only if the 
central charges of the Sugawara construction of the Virasoro algebra for g and t are 
equal [T5]- Since the function 



expressing the central charge of the Sugawara construction at level k for a simple 
Lie algebra g with dual Coxeter number h y is strictly increasing as a function of 
k, the decomposition in question has a chance to be finite only if the level of the 
g- module V is equal to 1, and if it is finite for one of the g-modules of level 1, it is 
also finite for all others. 

On the other hand, if we remove the integrability condition, equality of central 
charges may happen at levels different from 1. Some examples of this phenomenon 
were found in [2]; it was also noted that sometimes one also get the finite decom- 
position property. We would like to give a conceptual explanation of the examples 
discovered by Adamovic and Perse [2] in the framework of Kac-Wakimoto theory 
of admissible representations [19] . 

Let t) = fj © CK © Cd a Cartan subalgebra of g (f) is a Cartan subalgebra of g). 
Let p be a Weyl vector for g (cf. [SO])- Recall that an irreducible highest weight 
module L(X), A e h* over an affine algebra g is said to be admissible if 

(1) (A + p)(a) — N, for each positive coroot a; 

(2) the rational linear span of positive simple coroots equals the rational linear 
span of the coroots which are integral valued on A + p. 

Admissible modules are classified in [19]; their importance lies in the fact that the 
character of these representations has modular invariance properties even if they 
are not necessarily integrable. We are concerned about admissible representation by 
virtue of the following result, which is an easy consequence of the character theory 
for admissible representation developed in [19]. Denote by g g (X) the effective central 
charge of the weight A of g: this number is defined by formula (3.20b) of [TH] and 
expresses the asymptotic behavior of the character of L(X). i.e. 



for some constant c in the limit r j. of the purely imaginary parameter r. 

Theorem 3.8. Let g be a simple Lie algebra and t = (Bs^s a reductive equal rank 
maximal subalgebra of g. Let k be a rational non integer level for which 

(!) c (fc) = J2s c isUsk), 

(2) kA , jskA 0j s are admissible for g,ts, respectively. 
Then the module Lj(/cAq) decomposes finitely as a t-module if and only if 



c s (k) 



k dimg 



k + /i v 



tr L (\)e 



1lTT(d+z) 



c ■ ei^ 98(A) (z e h) 




A direct check of the conditions displayed in Theorem 13.81 affords the following 
result. 
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Corollary 3.9. The only instances of finite decomposition at admissible levels are 
given in the following table 



k 





t 


-1 + 3/2 


B l 


A 


-5/3 


G 2 


A 2 


-5/3 


F 4 


B 4 



Tabic 1 

Remark 3.3. The examples displayed in the first two lines of Table 1 appear in 
[2\. The example in third line is apparently new. Note that our methods do not 
cover the cases when one of the levels involved is a negative integer (see e.g., [2J 
Table 2]). 

4. Representations of vertex algebras 

4.1. Intertwining operators and simple currents. Let V be a vertex algebra. 
A ^-module is a vector superspace M endowed with a parity preserving map Y M 
from V to the superspace of End(M)-vahied fields 



a h+ Y M (a,z) 



E 

n6Z 



M -n-l 
a (n) Z 



such that 

(1) Y M (\0),z)=I M , 

(2) Y M (T(a), z) = d z Y M (a, z), 

(3) for a,b G V , m,n G Z, 



E 



E(- 



■IV 



A4" 

(m+k-j) 



M 

(m+n—j) 



Given three ^-modules Mi, M 2 , M3, an intertwining operator of type 



(cf. [12]) is a map J : a 1— > I(a,z) 
End(M 2 , Ms)-valued fields such that 

(1) I(T(a),z) = d z I(a,z), 

(2) for a G V, b G Mi, m, n G Z, 



E 



n&L a \n) Z 



M 3 
Mi M 2 

n ~ x from Mi to the space o 



E 



a tn+j) u J(rn+k~j) 



M 3 

(m+n—j 



O fo M-P(«»^)(- 1 )% + n-i)^ +i ))- 



Example 4.1. Let W be a vertex algebra and V a simple subalgebra of W. Let 
Mj, z = 1, 2, 3, be l^-submodules (with respect to the standard representation of W 
to itself, restricted to V), and let tt : W — > M 3 be a linear map, commuting with 
the action of V on W. Let a G Mi. Then 

7(a,z) = irY(a,z)\M 2 , 
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is an intertwining operator of type 



M 3 
M x M 2 



We let N^l m 2 ^ e the dimension of the space of intertwining operators of type 

M 3 M 
M M ' ^ nen ^mI,m 2 * s nn ite, it is usually called a fusion coefficient. 

Definition 4.1. Let V be a vertex algebra. 

1. A simple current for V is a V -module S such that, for any irreducible V- 
module M, there is a unique irreducible V -module Ms such that N s ^ is nonzero 

and also N^f^ = 1. 

2. Let V be a vertex algebra equipped with a Virasoro vector. A simple current 
extension of V is a simple vertex algebra W such that V > W is a conformal 
embedding and there is grading W = YlaeD W a of W by an abelian group D such 
that W° = V, W a ■ W b C W a+h and W a is a simple current for V for any a G D. 

Remark 4.1. Simple currents are usually defined in terms of a tensor product 
between V- modules (see, for example, [TDJ and references therein). They are defined 
by the condition that S £g> M is irreducible whenever M is. We won't need this 
general theory. 

We are mainly interested in the vertex algebra Vfc(jj) when q is a simple Lie 
algebra and fceN. 

Choose a Cartan subalgebra f) of q and a set of simple roots {«i, . . . , a n } for the 
root system of ($j, f)). Let b be the Borel subalgebra corresponding to these choices 
and let 9 be the highest root. 

If A € h,*, we denote by £ 9 (A) the irreducible representation of V k (g) having a 
vector v\ such that 

(4.1) £(n.)t>A = for x G Q and n > 0, 

(4.2) X( )fA = A(x) for x G b. 

Here A is extended trivially on [b, b]. If the action of V k (o) pushes down to an action 
of Vfc(g), we keep denoting by £ (A) the corresponding Vfc($j) module. The module 
L 9 (A) is called the irreducible module of highest weight A and the vector v\ is called 
a highest weight vector. Let P denote the weight lattice of g, and let {cui, . . . , u n } be 
the fundamental weights. Let P + = £V be the set of dominant integral weights. 
Set P k = {A G P + | A(6* v ) < k}. The irreducible Vfc(0)-modules are precisely the 
irreducible highest weight modules £ 9 (A) with A G Pf\ In particular Vfc($j) has a 
finite number of irreducible representations. Exercise 13.35 of [20J gives an explicit 
formula for the fusion coefficents N^l m LB , s ■ 

Write 9 = J2i a i a i- It is wen known (cf. [TO]) that if d{ = 1, then L 8 (kui) is a 
simple current for Vfc(g). Set J = {i \ ai = 1} . To simplify notation, set 

(4.3) 1 = V k ( d ), 

(4.4) 0i = L s {kui), (z 6 J), 
and define 

(4.5) Q s = {1} U {oi \ ieJ}. 

We call the elements of Q g the special simple currents for Vfe(fl). 
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It turns out that the special simple currents are related to the the center 3(G) of 
the connected simply connected Lie group G corresponding to g. let P v C f) denote 
the coweight lattice of g, and let . . . ,00^} be the fundamental coweights. 

Let / : Q s -»■ P v be defined by 

(4.6) /(oi)=w, v , /(1) = 0. 
Then we have the following bijection exp of: 

Q 5 P v 3(G). 

Thus Q acquires a group structure (M, M') H- MM' from this bijection; as notation 
suggests, 1 = Vfc(fl) is the identity element. It is well known that, if M^,M 2 G f2 
and M 3 is an irreducible Vfc(g)-module, then 

(4.7) N mIm 2 = $M 3 ,MiM 2 - 

This result easily extends to the case when g is reductive. First remark that if g 
is abelian, letting b = g, then (14. If) and (14.21) define L S (A) for any A 6 g*. Moreover 
L 9 (A) is a simple current for 14(g), A; G C*. Indeed, in this case we have, 

We therefore set 

Q g = {L*(A) I A G g*} 

and call its elements special simple currents. Identifying Q s and g* gives a group 
structure to Q s and (14.71) holds also in this case. 

If, finally, g is reductive, let g = €D| =o 0i be the decomposition into the center 
g and the sum of the simple ideals of g. Fix k G C* x N s . Set, for A G f)*, 
Lf (A) = L9°(A ) ® L 01 (Ai) ® • ■ ■ <g> L fl *(A s ), where A, = A,^, and 

(4.8) l] 9 = {«l^efl 8 ,}. 

The elements of f2 g are simple currents that we call the special simple currents for 
Vk(fl). The map M ® M 1 ® ■ ■ • ® M s h-> (M , Mi, . . . , M s ) identifies Q g an flLo ^ 
thus giving a group structure to Q s that makes (14. 7p to hold also in this case. 

4.2. Relative fusion ring. Let W be a simple vertex algebra and 1/ a simple 
subalgebra of W. Assume that the standard representation of W, when restricted 
to V, decomposes into a direct sum of T- invariant irreducible modules. Write 

(4.9) w = Q)W v 

for the decomposition of W as a ^-module into isotypic components. Here J is 
the set of all j in the set of isomorphism classes of irreducible representations of V 
such that Wj ^ {0}. As in the previous section we let 1 be the isomorphism class 
of V as a ^-module. Define to be 1 if Wi ■ Wj (which is a V^-submodule of W, 
due to the Borcherds identity) intersects non-trivially Wk and otherwise. 

Definition 4.2. The relative fusion ring FR(W, V) is the free ^-module with basis 
J and product 

(4.10) i-j = j24 k - 
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Example 4.2. The complete reducibility Theorem 10.7 from [2U] implies that ( 14. 9 p 
holds in the case of the conformal embedding of an affine vertex algebra V = 
^k(^) ^ ^i(fl) with g a simple Lie algebra, t a reductive algebra as in (13. 13j) and 
keC*x N s . Thus, we can define the relative fusion ring F(V\(q), Vk(t))- 

Formula (14. 9 p holds also in the case of the conformal embedding Vj(t) ^ F(A) 
for some vector space A (see Section 3.1). Indeed, by Proposition 13.71 above. (14. 9p 
is given by the results of [7j (see Theorems 16. II and 16. 21 below) . Thus, we have the 
relative fusion ring FR(F(A), Vj(l)). 

By Lemma I3TT1 (a), (c), FR(W, V) is a unital commutative associative ring (with 
identity element 1), such that i ■ j ^ for all i,j G J . 

Definition 4.3. Let t be a reductive complex Lie algebra, t a Cartan subalgebra of 
I For A G t*, set 

A* = -w (X), 

where Wq is the longest element of the Weyl group oft. 

Lemma 4.1. Let W be a simple vertex algebras and V a vertex subalgebra such 
that (@~H} holds. 

(1) For each j G J there exists j* G J such that cjj* ^ 0. 

(2) Let V = V k {t) with t as in (I37T3|> and keCxf. If j = L e (X) then then 
there exists a unique j* as in (1), and j* = L (A*). 

Proof. To prove (1) assume that for j G J the contrary case holds. Then subspace 
W ■ Mj is a non-trivial proper ideal of W if j ^ 1. The case j = 1 is obvious. 
To prove (2) we observe that, as a consequence of Verlinde's formula (see e. g. 

[301 (5-4)]), L*(A*) is the unique irreducible V^-module such that N Lt ,^ L tr\*\ — 1 
and Ntf()l m = for any other irreducible V- module M. Applying Example 14. 1[ 
with Mi = j = L e (X) C Wj, M 2 = j* = L e (fi) C W r and n the projection W -»• V, 
we see that N^ t ^ Lt ,. ^ so fi = A*. □ 

Assume V = Vk(t) and define a Z-valued pairing on FR(W, V) by: 

(4.11) (hj) = 6i,r- 

Lemma 14.11 implies the following proposition. 

Proposition 4.2. (a). The bilinear form induced by ( 14. lip on FR(W, V) is asso- 
ciative, i.e. (i ■ j, k) = ■ k). 

(b). The map i — >■ i* is an involution of the ring FR(W, V), leaving the bilinear 
form invariant. 

Definition 4.4. Set Sly = J R f2{ and let SR(W, V) be the free Z-submodule of 
FR{W,V) with basis S e w . 

Lemma 4.3. SR(W,V) is a subring of FR(W,V). Moreover S^ is a subgroup of 
Q( and SR(W, V) is isomorphic as a ring with basis to the group ring Z[iS|^] of S^. 

Proof. Let i,j G S^. Let W k be such that W k n (Wj ■ Wj) ^ {0}. As shown in 
Example I4.1[ Nfj ^ 0. It follows from ( 14. 7p that k = ij G f2f and i ■ j = k. Thus 
i-j = ije Sly. 
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To prove the second claim first observe that we already proved above that S\y 
is a submonoid of It is clear that, if L e (X) G f^, then L e (X*) G Thus, by 
Proposition 14.21 if j G Syy, then j* G S\y. Since 1 = j ■ j* = jj*, Syy is a subgroup 

of n { . □ 

Corollary 4.4. If W is a sum of special simple currents for Vk(£), then it is a 
simple current extension of Wi . 

Proof. W is graded by the abelian group S^. □ 
Corollary 4.5. Set V = Vk(l) and assume that W\ = V. 

(1) JJ = J^jes*, is a simple current extension ofV and JJ = J2jes i ^ s a 
multiplicity free decomposition. 

(2) The intermediate simple vertex algebras V C JJ' C JJ are in one to one 
correspondence with the subgroups of . 

Proof. Since JJ ■ JJ C JJ, JJ is a vertex subalgebra. If / is an ideal of JJ and 
Wj n I ^ {0}, then, since W is simple, W r ■ (Wj D I) ^ {0}, hence V C I. It 
follows that I = U. This proves that U is simple. By Corollary I4.4[ it is a simple 
current extension. The character group Syy of Syy acts on U by x ' v — x(j) v f° r 
f G Wj, % G S^y. By Theorem 3 of [TT] (or Theorem 1.1 of [2T]), Wj is an irreducible 
^-module. This proves (1). 

If U' is a simple intermediate vertex subalgebra, then Sfj, is a subgroup of Syy, 
hence we have a map from simple intermediate vertex subalgebras to the set of sub- 
groups of Syy- This map is surjective: if H C is a subgroup, then U' = J2jeH Wj 
is an intermediate vertex subalgebra since U' ■ U' C JJ' . The same argument em- 
ployed for U shows that JJ' is simple. The map is obviously injective by the multi- 
plicity free property. This proves (2). □ 

We will compute explicitly and SR(Vi(g), Vj(t)) in Section 8 for any max- 

imal conformal embedding {45 with g of classical type. 



5. Symmetric pairs 

We will consider conformal embeddings Vk(t) C V\(g) closely related to symmet- 
ric pairs. In this section we review the basic features of such pairs. 

Let (a, r) be a symmetric pair and write a = t © p for the corresponding eigen- 
value decomposition. As in Section I3.4[ we let o = ©a s be the decomposition of a 
into a-indecomposable ideals and (■,■) the Killing form of a. Let f) be a Cartan 
subalgebra of r and f) the centralizer of f) in a. Write f) = f)o © f)p f° r the orthogonal 
decomposition of f). Denote by A(r) the set of t)cr roo ts of r and by A(p) the set of 
rjo-weights of p. A choice of an element in rjo which is regular for a defines a set of 
positive roots A + for the set of f)-roots of o. Clearly the same element defines a set 
of positive roots A + (r) C A(r) such that A + (r) C Aj^ . Let bo be the corresponding 

Borel subalgebra and set A + (p) = A(p) D Aj o \ {0}. 

Clearly A = U s A(o s ), where A(a s ) is the set of roots for a s with respect to 
f) H a s . If a G A, then a G A(o s ) for some s and we say that it is long if its 
length is largest among all root lengths in A(o s ). Likewise, if A G A(r) U A(p), then 
A G (A(t) U A(p)) fl (A(a s )|(, ) for some s. We say that A is a long weight if there 
is a long root of a G A(a s ) such that ||A|| = ||a||. 
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We say that a nonzero weight A G A(t) U A(p) is a complex weight if A G 
A(t) H A(p). If A is not complex, then we say that it is a compact weight if 
A G A(r), and a noncompact one if A G A(p). 

Fix a maximal isotropic subspace f)+ of f) p . Let moreover f)~ be a complementary 
isotropic subspace (if p is odd dimensional) also choose a unit vector h such that 
P) p = Ch ffi f)f © f)~). Fix a basis of p by extending a basis of f) p with weight vectors 
x a , X- a for a G A + (p) chosen in such a way that (x a ,x_Q,) = 1. Order the basis 
of p as follows: h (if p is odd-dimensional), a basis {hf} of 1)+ , x a , a G A + (p), a 
basis {/ij 7 } of f)~ dual to the chosen basis of f)+, x_ Q , a G A + (p). 

Let p Q denote the weight space associate to a. Introduce the following notation. 

E = set of b -stable abelian subspaces of p, 
T> even = subset of even dimensional subspaces in E, 
$, = {aG A(p) | p a C [}, (t G E), 
$± = $,n A ± (p). 

We will need an explicit description of the weights in A(p). Since A(p) = 
U s A(p) n A(a s ), we can assume that a is indecomposable. Recall that a symmetric 
pair (a, r) is called irreducible if the corresponding involution a is indecomposable. 

With this assumption the weights of p can be described using the relationship 
between irreducible symmetric pairs and affine diagrams, that we now recall (see 
[23] and [23] for details). One can associate to an indecomposable automorphism a 
an affine Kac- Moody Lie algebra L(a, a). Recall that L(a, a) = L(a, a) © Cd © CK 
where 

L(a, a) = (C[t, t- 1 } © t) © (t 1/2 C[t, r 1 ] © p) , 

K is a central element, and d acts as td/dt. Let \) = f) © CK © Cd be the Cartan 
subalgebra of L(a, a) and A be the corresponding set of roots. Fix the following 
set of positive roots in A: 

A+ = A+(r) U {a G A | a(d) > 0}. 

Let II be the corresponding set of simple roots. In what follows we will denote by 
the same letter both diagrams and the corresponding sets of nodes. In particular 
II will also denote the Dynkin diagram of L(a, a). If a is a node of II, let a a 
be the label associated to it in Tables Aff r of [20] (r = 1,2). According to Kac's 
classification of automorphisms ( [201 Ch. 8]) one can encode a by a pair (rj; s) where 
r) is an automorphism of the diagram of a and s = (s a ) Qg g is a set of labels s a G M + . 
Since a is an involution, i] and s must satisfy the following constraints: if k is the 
order of rj, then k/v = 1 or 2, s a G {0, |} for all a G II, and k ^ Qg n s a a a = r - Let 
P = {a G II | s a 0}. Note that P has at most two elements. 

If 7 G A, we write 7 = X]«gn c a(.l) a - Let also a H- a be the restriction map 
from J to bo- Let 5' G f)* be defined by = 1 and 8'{K) = 5'%) = 0- Then A+ 
can be explicitly described as 

A+(r) U {s5' + 7] I s G N\{0}, G A(t)} U {(| + s)«J' + 77 | s G N, 77 G A(p)}. 

Set 

A 1 = { 7 GA|^c Q ( 7 ) = l}. 

aeP 
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By the explicit description of the set of simple roots corresponding to A + given in 
[2"3"| Proposition 3.2], one obtains that 

A^jiy + ^i^Afp)}, 

thus the restriction map 747 establishes a bijection between A 1 and A(p). 
If P = {p} and 7 G A 1 , the bijection is given by 

(5.1) 7 i-> 7 = V(c a (7) - — )a. 

Recall that P has only one element if and only if r is semisimple. In such cases 
p is irreducible as a r-module. We let 9 P be the highest weight of p with respect 
to A + (r). Since (•, •) is nondegenerate when restricted to p, it is clear that p is 
a self dual r-module. It follows that — 9 p is the lowest weight of p. In the above 
correspondence — 9 P clearly corresponds to p so 

(5.2) 6 p = £ °^a. 

In the cases when P has two elements, the explicit description of the map 7 H- 7 
is as follows. Let Il be the set of simple roots for a corresponding to A + . If 
P = {p, q}, there is a simple root a p G II such that II = il a \{a p }. Moreover a is 
simple and f) D = f)o H 0. Let 9 be the highest root of a with respect to A + . One 
can always set up the bijection in such a way that p = —9, q = a p , hence, if 7 G A 1 , 

(5.3) 7^7 = ^ c a (7)a - c p (7)# + c q (-f)a p . 

et^P 

Let W be the Weyl group of L(o, a). If to G W, set 

N(w) = {a G A + I w~\a) G -A + }. 

Set = {w G W I N(w) C A 1 }. In [6] it has been shown that there is a 
bijection [ !->■ w { from £ to such that, if I is a b -stable abelian subspace of p, 
then $1 = {-/3 I $ G N(wi)}. 

Let II be the set of simple roots for r corresponding to our choice of A + (r). It 
turns out that II = II \ P. In particular, to each simple ideal Xs corresponds a 
connected component lis °f IL 

If a G Us, set cu^ to be the unique element in f) H ts, such that P{oS£) = 8 a $ for 
all pell. 

We say that a pair (a, r) is hermitian symmetric if it is irreducible and r is 
reductive but not semisimple. In such a case, we let w be the element of f) = f)o 
defined by a{w) = <5 aiQ , p for all a G H a . Then Cgj is the center of r. For notational 
convenience, we set w = in the semisimple case. 

Lemma 5.1. Assume that (a, t) is irreducible. Let I G S and assume that there is 
h et) Q , h^O, such thatj(h) = 1 /or7 G $ ( and^(h) = Ofor^y G A(p)\($ ( U(-$ ( )). 
Tnen tnere are the following possibilities: 

(1) there exists a G IT smc/j taat /i = + (e — 1 — a p (u^))w, e = 0, 1; 

(2) there exist a, a' G II snc/i t/iat /i = + + (—1 — « p (u^ + c^,))-^ 

(3) h = ±m. 
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Proof. Since I is b -stable, there exists an irreducible component p of p whose 
highest weight A is such that X(h) = 1. Let /i be the corresponding lowest weight. 
We can find a string A , Ai, . . . , Xn of weights of p such that A = fi, \n = A and, if 
t > 0, At = A^_i + a for some a G II. If p is irreducible, then A = 9 P , \x = —9 P and by 
(|5.2j) . Ajv — Ao = 2 J2a=i P 7T a - Otherwise, either A = 9, ji = a p or A = —a p , ji = —9, 
so that A at — Ao = 2~^ a ^a p a aCt- In both cases, for any a G II, there is t such that 
At+i = At + a. 

Let to be the first index such that Xt (h) = 1. Since I is bo-stable, we have that 
At(/i) = 1 for all t > to- Assume first that fi(h) = —1. Let sq be the largest index 
such that X So (h) = —1. This implies that — A So G $[, hence the fact that I is bo- 
stable implies as above that Xt(h) = —1 for t < s . Since Xt(h) G { — 1,0,1}, we 
have two cases. Either t — s o + 1 or Aj(/i) = for sq < t < t - In the first case 
let a G LT be such that X to = X So + a. We obtain that a(h) = 2 and /3(h) = for 
(3 7^ a. Thus = 1oj y a + ( — 1 — 2a p (u^))w. In the second case let a, a' be such 
that A so+1 = X Sa + a and A to = At _i + a'. Then a(/i) = a'(h) = 1 and 0(h) = 
for (3 ^ a, a'. If a = a', we have h = + (—1 — a p (ui^))w. If a ^ a', we have 
h = u^ + u^, + (-1 - a p (c^ + u}^,))w as wished. 

Assume now that (3{h) = 0. In this case, if X to = X to -i + a, we have h = 
u a ~ «p(Wa)ro if (3 = a p and h = + (—1 — a p (cu^))zu otherwise. 

Finally, if (3(h) = 1, then h = ±w. □ 

If I and h are as in Lemma |5TT| then we write that I = 1(h). Let 9s be the highest 
root of ?s with respect to A + (r). Write 9 S = J2 a en s a a a - 
Lemma 5.2. 

(1) If [ = 1(h) with h as in Lemma I5.il ([I]) , let LT5 be the component of U 
containing a. Then either a a = a p for some p G P or a a = J2 P eP a p- 
Moreover af = 1 . 

(2) // [ = i(h) with h as in Lemma \5. 1\ ([2]) ; let flsiff-s 1 be the components of If 
such that a G ffs, ct' G il^/. Then a a = a a i = af = af , = 1 and S 7^ 5". 

Proof. Let us prove ([T]). If p is irreducible, then 9 p (h) = 1 hence, by (15.21) . a p = a a . 
If p is reducible then 9(h) G {0, 1}. If 9(h) = then a a + a p (h) = so a a = 1 = a p 
for some p G P. If 9(h) = 1 then 1 = a a + a p (/i) so a a = 2 = Xl p eP *V 

Let now /3 be the lowest weight of an irreducible component of p such that 
(3(h) = —1. We have that (3 = p for some p G P. We use the known fact that 
p + 9 S G A 1 . It follows that f3 + 9 S e A(p). Observe that (f3 + 9 s )(h) = a s a - 1. 
If af > 1, then a s a - 1 = 1, thus /3 + 6* 5 G On the other hand -f3 G $ ( so 
— (3 + (f3 + 9s) is a root of r. This contradicts the fact that [ is abelian. 

Let us prove ([2]). Let A,/i be respectively the highest and lowest weight of an 
irreducible component of p such that X(h) = 1. In this case we have fi(h) = —1. 
Then, if p is irreducible, 1 = X(h) = J2-yjt P ^t(^) = aa a aa ' hence a a + a a > = a p . 
It follows that a p = 2 and 1. If p is reducible, under our hypothesis, 

we have that 9(h) = 1 hence a a + a a i — 1 = 1. We obtain a a = a a i = 1 as well. 
Choose p G P so that p = ji. If S 7^ S", it is easy to check that p + 9 S + #5/ G A 1 , so 
fi + 9 s + 9 s > G A(p). Since (/i+9 s + 9 s >)(h) = af + af,'-l, we find that af + af,' = 2, 
so af = af; = 1. 

It remains to check that S 7^ S'. If, on the contrary, S = S', use the known fact 
that p + 9 s G A 1 . Hence n + 9 s E A(p). Since (/1 + 6' 5 )(/i) = af + af, - 1 = 1, we 
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have fi + 9s G I. But also —fi G $[ and —fi + (fi + 9s) is a root of r. This contradicts 
the fact that I is abelian. □ 

Let v :!)—>■ f)* be the identification via the Killing form of a. If a G lis, let w a be 
the corresponding fundamental weight of x$- We need one more general notation, 
which will be used often in the rest of the paper. If M is a set of weights of a Lie 
algebra, we let 

(M) = A*. 

Proposition 5.3. Assume that [ G E is suc/i i/iat [ = /or some /i£^. Then 

(1) (t(/i)) = + l$ di^' 1 w «s m LemmaEH (EP- 

(2) = j 5 u; Q + js'W Q ' + - 

dim(p)' ' vfa) if h i s as i n Lemma\5A], (TJ|). 

Proof. Let us prove ([IT) . Let r a be the Levi component of the parabolic of r defined 
by w^. Observe that if G $[ and 7 G IT fl A(t Q ), then clearly /3 + 7 G $[ and also 
/3 — 7 e $[, since 7(/i) = 0. It follows that there is a 1-dimensional representation 
of x a whose weight is ($[), hence we have that ($[) = xu a + zv(w). We now prove 

that if w ^ 0, then z = L Indeed, on one hand = \^\ - |<E>[~|. On 

the other hand, since ^(tu) = 0, 

= zv{vj) [w] = ztr(ad p (w) 2 ) = zdimp. 

Recall that h = u y + yro with ?/ explicitly given in Lemma 15.11 We now show that 
y = 2z. Indeed, 

E 7(/0= E 7(^) + y E 7(«7). 

7£A+(p) 7£A+(p) 7£A+(p) 

On one hand, the left hand side equals |<3>+| — |$f |. On the other hand, ^ 7S a+( p ) 7 
is a multiple of v(va), hence vanishes on ou y , whereas ^ 7€ a+( p ) = dim(p)/2. 
Note that \tr(ad p {h) 2 ) = dim I, hence, by (I3.10p . 

dim I = j s (u y ,u y ) s + 2z 2 v{w){m). 

Note also that = dim 1. Since af = 1, we have that (a,a)g = 2 so 

(u y ,u y )s = (u) a ,u a )s = u a (u y ). We therefore obtain that 

x(u a ,uj a ) s + zyv{w){w) = diml = js(oJ a ,u a )s + 2z 2 u(zu)(zu), 

hence x = js as claimed. 

Let us prove ([2]) in the semisimple case. As above we note that ($ ( ) is the weight 
of a one-dimensional representation of t a Dr a , so that ($ ( ) = xu a + yuj a i. By (15. 2p 
and Lemma E21 0, we know that 9 p (uu y a ) = 9 p (u y ,) = \. If /3, 7 G A(p), let us 
write /9 < 7 if 7 — /3 = X] 7 Gn n 77 w hh n 7 G N. Since /3 < 9 P , then fi{uS£) < \ and 
< i. Moreover P(u y ) G | + Z, G § + Z. Since + w£) = 1 for 

/3 G $(, then = = §. Thus 

Since S ^ S', 
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Since a s a = af' = 1, we have (u^,u^) s = (u a ,uj a )s, , s > = (w a ' 1 Wa')s' I and 

To conclude we need only to check that js(u Q ,w Q ) = js'(^a',^a')s'- Let (3 G 
A(p). Since -B p < (3 < 6 P , we have -\ = -0 P «) < < 9 p {ul) = \ and 

likewise for lo^,. So 

js(u a ,Ua)s = ktr{ad p {ul) 2 ) = ^dimp = \tr(ad p (u y a ,) 2 ) = js'(oj a ',^a')s', 

o 

as wished. 

It remains to deal with the hermitian symmetric case. If R is a subset of A aa > := 
{a, a'}, let A + (p,i?) be the subset of A + (p) consisting of the weights A such that 
supp(X) n A aa > = R. Note that = A + (p,A aa ,) and $f = -A + (p,0). Let 
?7 G A + (p,0) U A + (p,c/) and 7 G II\{a}. Since, by Lemma l5~2| a a = 1, we see 
that, if 77 + 7 is a root, then 77 + 7 G A + (p, 0) U A + (p, a'). Also, if 77 — 7 is a root, then 
77 - 7 G A+(p, 0) U A+(p, a'). This implies as above that (A + (p, 0) U A + (p, a')) = 
xu a + zv{vj). Arguing as for the proof of ([1]) above we obtain that 

-<A*(M» - <A + (,,<0> = - l^».^ + (P."')l , M . 

Likewise 

-<A+(P,9)> - (A + ( P ,a)> - |A+(M >jy- n) W 

Thus, noting that (A + (p)) = ^(m), we obtain 

= -2(A+(p,0)} - <A + (p,c/)> " <A + (p,a)> + (A+(p)} 

1^1 - i $ ri , ^ 

= J5^ Q + ] S >Ua> + dim(p ) 

as wished. □ 

Assume now that P = {p} and that 9 P is a long non compact weight. If Xs 
is a simple ideal of r, let as be the unique element of lis n °t orthogonal to p. 
Then it is shown in [B] that = 1. Denote by cog the fundamental weight of ts 
corresponding to as- Set 

(5.4) m = {/i G A(p) : fi = 9 P — [3, [3 E A + (t) U {0}}. 
Lemma 5.4. 

(m) + # p = J^j'sws. 

5 

Proof. Let jo„ 6 W be as defined in [2 Proposition 3.8]. According to [TJ (3.14)], 

N(w a ) = {\8' - a I a G m} U {§<*' - # p }. 

It can be deduced from [6j Lemma 5.7] that 6 P = J2s n s UJ s- Set ^s = {a E Us \ 
a(u s ) > 0}. We have 

(5.5) (m) + 9 P = (|m| + - ^<tf s > = J]M«; ff ) - h v s )co s . 

s s 

It has been proved in [8j Lemma 7.5 (4)] that £(wv) equals the dual Coxeter number 
of o, hence ( 15. 5 p reads (m) + 9 p = J^sis^s, as desired. □ 
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6. Decomposition formulas for conformal embeddings in the 

classical cases 

Let g be a simple complex Lie algebra of classical type and let t be a proper re- 
ductive subalgebra conformally embedded in q. We also assume that the embedding 
is maximal among conformal ones. 

In order to study the intermediate vertex algebras between Vk(£) and Vi(q), we 
need an explicit description of the decomposition of Vi(g) as a representation of 
Vk(t). We shall introduce a symmetric pair (o, r), a = t©p, associated to (fl, £) and 
we shall decompose Vi(g) into irreducible Vk(t)-modules indexed by suitable Borel 
stable abelian subspaces of p. 

Let t be a Cartan subalgebra of t. Fix a Borel subalgebra b{ containing t. Recall 
from Section |4~T1 that £ f (A) denotes the irreducible highest weight module for Vk(t) 
of highest weight A. 

6.1. The case of so(n, C). We first discuss the case when q = so(n,C). As ob- 
served in Remark 13. II above, there is a symmetric pair (a, r) such that q = so(p), t = 
r, t = f) , bt = bo- Recall that we have denoted by £ the set of abelian bo-stable 
subspaces of p. If I G E, k G Z, we set (see notation from Section 3) 
(6.1) 

': n T k % n T^ 2 y-x v n if /c > o, 

7?e*+ »)e-*^ r?GA+(p)\($+u-*f ) 

v = J : n ^ ( ~ k)! ^ n T(- k - 2 ) ! x, n ■. if & < o, 

: [ x v : if k = 0. 

Define j as in (13. lip . The following result provides the decomposition of F(p) as 
a Vj(t)-module when a is indecomposable and i is semisimple. 

Theorem 6.1. Theorem 3.9] Assume a indecomposable andt semisimple. Then 

(1) If 6p is not long noncompact then 

(6-2) F(p) = 0L l ((<&,». 

IGS 

(2) // # p is long noncompact then 

(6-3) ^(P) = 0£ f «*!» 0^«m> + 6» p ) 

tes 

where m zs as m (15. 4p . 
Moreover, in both cases the highest weight vector of L (($[)) is, up to a constant 
factor, f 0j [ (cf. ( 16. ip ^4n highest weight vector of the rightmost component of ( 16. 3 j) 
zs 

(6.4) y m =: T(x 0p )x r)1 . . .% : 
i/m= {771, . . . ,r/ fl }. 

We now discuss the hermitian symmetric case. For C G Z, denote by F(p)[C] 
the eigenspace of eigenvalue C of m (recall that w is the generator of the center of 
r such that a v (w) = 1). Also set 

(6.5) E' = {[eS|a^ p Cl}. 
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Theorem 6.2. |7J Theorem 5.4] In the hermitian symmetric case, 

(6.6) F(p)[C]= tfm + hWvim)), 

les' 

\^+\-\^\=C mod ^1 

-ere H C) = 

Remark 6.1. If a is not indecomposable then, clearly, F(p) = <S) s F(p n a s ), so 
combining Theorems 16.11 and 16.21 one has the decomposition of F(p) as a Vj(£)- 
module. 

In order to write down explicit formulas for highest weight vectors for the irre- 
ducibles appearing in the r.h.s. of (16.61) . we need the following refined analysis. Iden- 
tify f) and f)|$ via v and set (I)o)r to be the real span A|f, . Set J)r = (P)o)m©K-^©M- 
Define 

(6.7) A = {h G (I)o)r | a(h) > -s a , a G fi}. 

Clearly W acts naturally on d + (1)o)m viewed as a subspace fju/RiT. It is known 
that d + A is a, fundamental domain for this action (see [20], Chapter 6). 

Let L { ((<3>[) + ku{w)) occur in F(p)[C] with k = k[(C). Let be the unique 
element of W such that Wk(d + A) = t<ikvjW\.{d + A) (here th ■ f)o — > f)o is the 
translation by ft,). Write explicitly N(wk) = {Pi, ■ ■ ■ , /? s }- If x G .4., it is clear that 

(6.8) N(w k ) = {a G A + | a{t 2k ^w { {d + x)) < 0}. 
If a = hS' + a G A+(t) U + 77 | s > 0, 77 G A(t)}, then 

a(tui(<i + x) + 2fctxr) = h + a{w { {d + x)) > 0, 
thus, for i — 1, . . . , s, 

Pi = (th + $)5' + h 

Combining Lemma 5.1 of [7] with the proof of Theorem 1.1 of [23], we see that a 
highest weight vector for the module L l ((l) + kv(w)) is 

(6.9) v=:T^{x_ h )---T^{x_ Ps ):. 

We need to express v more explicitly in terms of the roots in $[, thus we compute 
N(wk). By f)6.8p . we have to solve the inequality a{w\(d + x) + 2A;ro) < 0, with 
a = h6' + (-£' + a), a G A(p). 

If a = 0, then a{w\(d + x) + 2kzu) — h + ^ > 0. If a 7^ 0, we first observe that 

(6.10) (±6' + a){wi{d + x)) > -1 

Indeed, if (|<5' + ^(iw^d + x)) < -1, then (5' + \5' + a)(u>[(d + x)) < 0, contrary 
to the fact that w\ is Wf. 
If a G $[, then 

(6.11) 1 < (±<S' + a)(wi(d + a:)) < 2 

Indeed, by flBTTUj) . we have -1 < (\6'-a)(wt(d+x)) < 0, so -2 < (-|<5'-a)(w [ (d+ 
x)) < -1. 

If a G -$[, then, by ( IBTTUj) 

(6.12) - 1 < (±5' + a)(w[(d + x)) < 



26 



KAC, MOSENEDER, PAPI, XU 



Finally, if a G A(p)\($ t U (-$,)), then 
(6.13) 0<(±6' + a)(w l (d + x))<l 

Indeed, since a £ — $[, we have {\8' + a)(wi(d + x)) > 0. Since a ^ $[, we have 
(\5' — a){wi(d + x)) > 0, so (— 2<5' — + x)) > —1. Observe also that, if 

7] G A(p) and 77 7^ 0, then r)(zu) = 1 if and only if 77 G A + (p). 

Assume k > 0. If a G A + (p), then a{w { (d + x) + 2kw) = h + (\5' + a)(w t (d + 
x)) + 2k, hence, by (RTTB . fO^jl . and (RTI5I1 . we deduce that a(to fc (d + x)) > 0. If 
a G — A + (p), then a(7i>[(<i + x) + 2A;gj) = h + (\5' + a)(u;[(<i + x)) — 2/c, hence, by 
( EH]) , ([gZEZD , and fTT3"]) . we get 

{h<2k-2 if a G 
h<2k-l if a £ ($1 U (-$[)) • 
< 2A; if a G 

Summarizing, we obtain that, if A; > 0, 
AT( Wjfc ) = {(/i + 1)5' + 77 I 77 G < 2A;} U {{h + \)5' + n | 77 G $f , h < 2/c - 2} 

U {(/i + + 77 I 77 G -A+(p)\(-$+ U $f ), h<2k- 1}. 

If instead /c < and a G — A + (p), then a(u; ( ((i + x) + 2A;o7) = /i + (i<5' + a:)(w; ( (<i + 
x)) -2k, hence, by flBTTTj) . f l6U2|) . and fl6U3|) . a(w; fc (c/ + x)) > 0. If a G A+(p), then 
a(iU[(d + x) + 2kw) = h+ {\8' + a){w { (d + x)) + 2A;, hence, by flBTTTj) . (16321) . and 

(EH, 

{/i<-2fc-2 if«G$ ( 
h<-2k-l if a £ U (-$[)) ■ 
h<-2k if a G -$[ 

Hence we obtain that, if A; < 

= 

{(/i + \)5' + 77 | 77 G ~®x,h < 2\k\} U {{h + + 77 I r; G $+ /i < 2|fc| - 2} 

U {(/l + 1)5' + 77 I 77 G A+(p)\(-$- U $+), /l < 2\k\ - 1}. 

Combining our description of N(wk) with (16. 9p we have proven the following 
proposition: 

Proposition 6.3. If (a, V) is an hermitian symmetric pair and [ G then a highest 
weight vector o/L*(($[) + kv{w)) in F(p) is t> 2fc [ (cf. (16. ip ). 

6.2. Two special cases. In order to obtain decomposition formulas for conformal 
embeddings in a simple Lie algebra of classical type other than so(n, C), we need 
an application of the results of Section 16.11 to two special cases. Let g n be either 
spin, C) or sl(n + 1, C). Set u = sl{2, C) in the former case, u = C in the latter. It 
turns out that (g n +i, u x $j n ) is a symmetric pair, and let Q n +i = (u x g n ) © q be the 
corresponding eigenspace decomposition. In these special cases j = (j u , j Bn ) and it 
turns out that j Sn = 1. 

Choose Cartan subalgebras f) u , f) n of u, g n , respectively. If M is an irreducible 
Vj(u x n )-module, then M = L U (A) <g> L Sn (n) with A G f)*, /i G f)*, and L U (A) (resp. 
L 0,l (/i) ) an irreducible highest weight module for V, u (u) (resp. Vi(gn))- Given a 
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Vj(u x g n )-module M, denote by A { (M) the set of irreducible modules appearing in 
the decomposition of M. 

Lemma 6.4. If L u (0) ® LP»(ji) G A'(F(q)), i/ien /i = end L u (0) <g> i>(0) = 
Vj(u x g n ) occurs with multiplicity one. 

Proof. Suppose Q n of type C n , so that g n+ i is of type C n+1 . The Lie algebra 
L (5 n +i,cr n ) corresponding to the symmetric pair (g n +i,0n x u) is of type 
If we use the numbering of Dynkin diagrams given in [20] , then the Ai-factor corre- 
sponds to label and the C n factor to labels 2, . . . , n+ 1. Since 8 q is short, formula 
IjfiSJI gives 

[62 

The set of elements of IV encoding E is given by {iWj | < j < n — 1} where 

(6.14) Wj = S1S2 ■ ■ ■ Sj. 

It follows that, if W\ = Wj, then ($ ( ) = — joti — (j — 1)0:2 — ... — o-,- and 01 = 
— |o — o 2 — . . . — o n — |o n+ i, hence the coefficient of o is zero only if j = 0, i.e. 
u; = Id, so I = {0}. 

Assume now $j n of type A n . The Lie algebra L(g n+ i, a n ) corresponding to the sym- 
metric pair (Qn+i, Qn x u) is of type A^_ v We can assume that IT = {02, . . . , o n+ i}. 

In this setting the set of elements of W encoding the abelian subspaces in E' is {wj \ 
1 < j < n+ 1} with u;,- as in f lBTTlj) . If I G S', then $f = {/3 G $ ( | /3(tu) = ±1}. It 
follows that $/" = 0. By Theorem lfT2l L f (($ ( ) + h(0)u(w)) occurs in F(q)[0] if and 
only if |$[| = mod n+1. Only w n+ \ has this property, proving our claim. □ 

6.3. A general decomposition theorem. Let now f ^ g be a maximal confor- 
mal embedding with q simple of classical type. If $5 = so(n, C), let (a, r) be the 
symmetric pair associated to the conformal embedding t <^ q by Proposition 13.71 
If g = sp(n, C) or sl(n + 1, C), let u and q be as in Section I6T2"1 Remark that u x t 
is conformal in u x q. Thus u x t is conformal in so(q), hence, by the Symmetric 
Space Theorem, there is a symmetric pair (a, t) with r = u x £. 

Recall the eigenspace decomposition a = r © p. Let f)o, bo, E be as defined in 
Section [5j Recall that t is a Cartan subalgebra of t. Then fjo = t' x t with t' = {0} 
when q = so(n, C) and t' = f} u in the other cases. Let 3(f) be the center of i. 
Browsing through the maximal conformal embedding described in [I], one checks 
that dim 3(f) = 1, hence we can choose x 6 t so that 3(1) = Cx. Let k G t* 
be defined by setting k(k) = 1 and n{t PI = 0. Write a = ^2 ieI a; for the 

decomposition of a into indecomposable ideals. Divide the index set / in the two 
subsets J and I' according to whether 3(1;) fl Oj = {0} or not. 

Set a = Y.iei a " a ' = Z)iei' a " and let ' for le S ' 

(6.15) [ = [no [' = [no'. 

For f G i 7 , choose Xj G j(t) H normalized by setting Op nai (xj) = 1. Set 

E' = {I G E I -o pnai G $[ for all % G /'}■ 
Clearly this definition of E' generalizes the one given in (16.51) . Set 

E = {[GE I ($i), t , = 0}, E = E'nE , E^ en = E n Y> even . 
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Set x to be the truth function that is 1 if and only if g = so(n, C), t semisimple, 
a indecomposable, and 8 P long noncompact. Recall from Theorem 16.11 that in such 
cases we defined a set of roots m. Set e m = 1 if m has odd cardinality and e m = 
otherwise. 

Theorem 6.5. Let t ■=->■ g be a maximal conformal embedding with g simple of 
classical type. Then its decomposition into irreducible V- } {£) -modules is given by 

(6.16) VM= L l (($ [ >| t )exe m L l ((m)+^) 
if t is semisimple. 

If t is not semisimple and $(t) = ${$), so that I' = {i} and we can set k = Ki, 
then 

(6.17) V 1 (g)= L e ((^) lt + kdim(pna t )K) 

dim [+fcdim(pn0i)G2Z 

In particular Vq^, v m give highest weight vectors in F(p) for the irreducibles ap- 
pearing in ( 16.1 6p . The highest weight vector for the irreducible occurring in (16.1 7p 
is : v 2KV v 0M) : (cf. (JED, QB3}j. 

Remark 6.2. Actually the hypothesis of Theorem 16.51 that 3(B) = j(r) in the non 
semisimple case rules out only the conformal embedding sl(p) x sl(q) xC4 sl(p+q). 
This latter case requires a special discussion which will be done in Proposition 16.71 

Proof. Assume first t semisimple. Since V L (so(p)) = F(p)°, formula (I6.16P follows 
immediately from Theorem 16.11 in the case when g = so(p) and a indecomposable, 
because, in this case, Y^ en = YT ven . The only case with g of type so(n, C) and a 
decomposable occurs when t = so(p, C) x so(q, C) and a = so(p+l, C) x so(q+l, C). 
Set T, N to denote the set of abelian subspaces corresponding to the pair (so(N + 
1, C), so(N, C)). Then Theorem 16.11 gives in this case that 

F(p)= rw'(($,))®rw)(($ l )) = 0i t (($,)) 

hence (16.161) follows also in this case from the observation that Vi(so(p)) = F(p)°. 

It remains to check formula (16.161) in the cases g = spin, C) and g — sl(n+ 1, C). 
Recall that we are assuming t semisimple. Looking at the possible cases listed in [TJ 
one checks that a is indecomposable. By Lemma E31 L u (0) ®L (O) = L u (0) ®Vi(g) 
is the unique factor in Vi(so(p)) of type L u (0) ® L s ({i). It follows that £ f (A) occurs 
in Vi(fl) if and only if L u (0) (g) L f (A) occurs in F(p). By P (5.13)], we have that 
((m) +6p)\i> 7^ (see also (15. 5p ). By Theorem 16. l\ we get 

L u (O)®^ 1 ( S ) = 0L u (O)®L t (($ l )| i ), 
leSo 

In particular, since L u (0) <g> V 1 (g) C -F(p) , we get S = T^ 3en and (16.161) follows in 
this case. The same argument applied for g = sl(n + 1, C) gives, by Theorem 16.21 

(6.18) V 1 (g)= Yl ^(W|t)- 

[££' 
|*+ \ = \<S>~ I mod 
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Following the notation preceding Theorem 16. 2\ define w to be the element in f) 
such that a(w) = S at01p for all a G il a . Observe that (&i)u, = —ki(0)v(m), hence 
[ G Sq if and only if |$^~| = |3>f |. Split the sum appearing in the r.h.s. of (I6.18P 
into two pieces as 

(6.i9) v 1 ( Q ) = j2L t mh)+ £ L*m lt ) 

( 6 s o [eE',|*+|^|^ 

\<!>+\ = \<S>-\mod' 



- 1 

dim(p) 



A result of Panyushev [28] guarantees that, in the hermitian symmetric case, - 



2 

is the maximal dimension of an abelian subspace. Hence the conditions \^\ ^ 
|$[~|, |$("| = |$[~| mod dl ™( p ) imply that either <3>^" or is empty. By the definition 
of S', we have $[~ 7^ 0, hence $[ = $^ and |$[| = dl ™^ . In turn, [ is the nilradical 
of the parabolic defined by — w and ($[) = —^u(zu), so ($i)|t = 0. We conclude 
that (I6.19P can be written as 

tGE£,U{0} 

To finish the proof of (16. 16p observe that J^ies -^*((^i)|t) mu st occur in Vi(g), so 
SqU{0} = S . Since L u (0) ® 14(g) C F(p)°, we see that also in this case S = S^ en 
and (I6.16P follows in this case. 

Assume now that C is reductive but not semisimple and j(r) = 3(f). As observed 
in Remark I6.2[ this hypothesis covers all cases when a is indecomposable and the 
case x = t = so(p, C) x so(2, C) <—} so(p + 2, C). 

We now discuss the cases when a is indecomposable. Since 3(t) = 3(f), we have 
that u C [t, t] for otherwise u C $(t). Also recall that we normalize x assuming 
that ttp(x) = 1. Set g' = g when g = so(n, C) and g' = u x g in the other cases. 
According to Theorem 16. 2\ 

(6.20) V 1 (q')= Yl +M*)), 

fcdim(p)+|$+|-|*rl e2Z 



so, applying Lemma [6.41 if g 7^ so(n, C), we obtain in all cases that 

(6.21) Vxb)= E L t ((($ ( ) + M^))|t). 

fc<E§z,ies' 

fcdim(p)+|$+|-|$["|g2Z 

«#i}+fci/(*))(u)=o 

Since u C [t,t] and x G 3(r), we have z/(x)(u) = 0. Thus (($ ( ) + fcv(x))(u) = 
if and only if ($[)(u) = 0. This implies that I G S . Observe that i/(x)(x) = 
tr(e«ip(x) 2 ) = dimp, so f(x)|< = (dimp)«. It follows that 

(6.22) K(g) = £ ^((^it+fcdimp/c). 

fce|z,teE(, 

fcdim(p)+|$+|-|*rl e2Z 

which is (I6.17P in these cases. 

It remains to check the case when x — t — so(p, C) x so(2, C) with p > 3. We 
observe that o' = so(3,C) and ao = so{p + 1,C). Since (ao,tn Oq) is irreducible 
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with x n Oo semisimple, we can apply Theorem 16.11 Since 6 pr]ao is short or complex, 
( 16. 2 p holds. We apply Theorem 16.21 to a'. We get 

(6.23) F(p) = £ L t (($ [0 ) + ($,,) + ^V(x)), 

where v' is the identification of h D a' with its dual via the Killing form of a'. Note 
that in this case £' = £q and that I G £' if and only if l G E and [' G S'. Since 
Vi(fl) = F(p)° we see that L*(($ (o ) + ($[/) + kv'{x)) occurs in Vi(q) if and only if its 
highest weight vector : v^a'Vq^ : is in -F(p) . It is clear from its explicit description 
given in (16. ip that this happens if and only if dim [ + dim {' + k dim p H a' = dim I + 
/cdimp fl a' G 2Z. This observation proves (16.171) in this case. □ 

We now discuss the missing case sl(p) x sl(q) x C c — )• s/(p + q). Here a = a' = 
sl(p + 1,C) x s/(g + 1,C). Write ai = sZ(p + 1,C) and o 2 = s/(g + 1,C). Set 
m = GCD(p +l,q + l) and M = GCD(p(p + 1), q(q + 1)). Realizing explicitly the 
embedding t ^ g, we see that we can choose x = ( - g+ ^ +g ^ ) xi — ^ p+ l^ p+q ^ ^2 and 
u = C((p+ l)xi + (g + l)x 2 ). 

We will later need the following elementary result. 

Lemma 6.6. Consider the map (/j:ZxZ-> Z/MZ defined by setting 

<p{i,j) = (p + l)i + (q + l)j + MZ. 
Choose (x, y) G Z 2 such that 

(6.24) xp(p + 1) + yq{q + 1) = M. 
Taen 

(1) If e #er<£, tfcen -jj(yqi - xpj) G Z. 

(2) T7ie map <£> pushes down to define a map on Z/pZ x Z/gZ. 

(3) TTie map V : Kenp — > Z/^^Z defined by setting 

i/j(i + pZ,j + qZ) = - — [yqi-xp]) + —T7-Z 
is a group isomorphism. 



Recall from the proof of Lemma 16.41 that given % = 1, . . . ,p and j = 1, . . . , q 
there is a unique l(i, j) G £' such that dim l(i, j) Pi Oi = % and dim fl a 2 = j. 
Moreover £' = {l(i, j) | 1 < i < p, 1 < j < q}. 

Proposition 6.7. If Q = sl(p + q) and t = sl(p) x sl(q) x Cx, then 
(6.25) Vi(fl) = ^ L s (($ l(lj) )| tn[tit] + in). 



Proof. Lemma [6.41 and Theorem 16.21 give that 

(6.26) V 1 (uxg)= ^ L uxt ((<S> { ) + hv^) + kv(x 2 )). 

({*()+/i^(xi)+fe^(x 2 ))| u =0 
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As in Theorem I6.5[ the decomposition of Vi(g) is obtained by dropping the factor 
L u (0) from flOB]): 

(6.27) V 1 {g)= L f ((($ l ) + M^i) + M^))|t). 

((^ l )+hv(xi)+ku(x2))\ u =0 

We now make explicit the condition (($[) + hv{K\) + ku(x2))\ u = 0. Recalling that 
u = C((p + l)xi + (q + 1)><2), the condition becomes, if I = 

2h(p + l)p + 2kq{q + 1) = (p + l)i + (g + l)j, 

which has solution if and only if G Kercp. Set r = and s = t^ 9 and 

choose x, y such that (16.24p holds. The solutions are given by 



2h\ f-s\ (p+l)i + (q+l)j 



x 



2kj\r) M \y 

as z varies in Z. Substituting in f )6.27p . observing that ($i(i,j))\t = ($t(i,j))|tn[t,e] — 

(i (g+f)( P + q ) - 3 b+I^+i) ) K and that M x i)+M^))| t = (M x i) + M x 2))(^)«, we 
get, after some elementary computations, that 

»=!,— iP>J =1 >— >9 

which is (|S25}. □ 

7. Intermediate vertex subalgebras of (Vi(g), Vj(t)) 

Recall that in (16.1 j) we introduced the elements v k \ G -F(p). Define 
(7.1) 

EI TWx-r, EI T^ 2 »x- n n T^" 1 ^: ififeX), 

: n T(- k ) ! x_„ n T (_k_2 ) ! x_ r , n r^-i)^ : ifjb<o, 

??e<i>~ T)e-$f »7e-A+(p)\(-<i>+u<i>~) 

: [ X- v : if k = 0. 

By Proposition 13.61 we see that 
(7.2) (v k ,i)(N-i)(v* k l ) = C k) i({k + 1) Y '■ XriX-r, ■ +{k - 1) Y : 

"I - ^ ^ • X'qX — f\ •) 

J7eA+(p)\(*[U(-*[)) 



The multiplicative constant Cj^i can be calculated explicitly using Proposition 13.61 
In particular it is nonzero. 

Lemma 7.1. Set X k>[ = ($ ( )| t + fci/(x). Then v% kl e L f (A£ C F(p). 

Proof. Recall that A* = — wo(\), with wo the longest element of the Weyl group of 
t. Recall that is constructed as in (16.91) from the roots in N(w k ). If N(w k ) = 
{j3i, . . . , (3 S } with fa = (n>i + \)5' + 0i, set 7, = (n* + — iWo(A) an d observe 
that {71, . . . ,7 S } is biconvex with respect to A + . Thus there is u k € W such that 
N(ufc) = {71,..., Is}- 
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If we use v (A + ) as a set of positive roots with v an element of the Weyl group of 
t then, letting L„(e,)(aO denote the irreducible highest weight module defined using 
v(b) instead of b, it is clear that, since A is dominant integral, L\X) = L v (b)(v(\)). 

On the other hand, by Theorem 1.1 of [23], if w G W encodes via (16.9)) an highest 
weight vector for L (A), then the highest weight vector for L v ^(v(X)) is encoded by 
vwv~ l , thus it is constructed, via (16.9)) . from N v ,^ + Jvwv~ x ) = v(N(w)). Applying 
this discussion to v = wq and w = Uk we find that the highest weight vector for 
L wo ( b )(-X) = L f (A*) is precisely v* 2k[ . □ 

Recall that E is the set of bo-stable abelian subspaces of p for the symmetric pair 
(a, r) we associated to the conformal embedding t H g. If I G E, we say that [ 
occurs in Vi(g) if ( G E™ en when t is semisimple, [ G E if 3(B) = $(t) 7^ {0}, and 
A G E' if ^(r) 7^ (I) 7^ {0}. For notational convenience we set x = when £ is 
semisimple. 

Proposition 7.2. Consider a conformal embedding £ •— y g where g is a Lie algebra 
of classical type. Assume that the embedding is maximal among conformal ones. 

Let W be a simple vertex subalgebra of Vi(g) such that there is ( that occurs in 
V 1 (g) and k { G |Z, i G I' such that V 3 (l) © L E ((($i> + J2 ie i> *v(*i))|t) C W. 

T/ien either W = V\(g) or there is h G t}o suc/i f/iai = 1 for (3 G $1 and 

0(/O = /or 6 A(J))\($,U (-$[))■ 

For the proof of Proposition 17.2) we need the following technical result. 

Lemma 7.3. Let £ <Z g' C. g be finite- dimensional Lie algebras with t reductive and 
g semisimple. Assume C maximal in g among reductive subalgebras. Let f) be a 
Cartan subalgebra of t, h, a Cartan subalgebra of g containing t)o- Then fyHg' — f)o- 

Proof. First remark that, if g' is semisimple, it coincides with its algebraic closure 
g', and if it is not, g' is not semisimple, hence g' C g. We may therefore assume that 
g' is algebraic (replacing it with g'). Let t\ be a maximal reductive subalgebra of 
g', containing f) n g'. But all maximal reductive subalgebras in g' are conjugate; in 
particular, £ and £± have the same rank, hence f) D g' cannot be larger than f)o- D 



Proof of Proposition fO[ Set, for G Z and [ G E, 

^fcj = (fe "I - 1) ^ ^ ■ %r/%—ri ■ ~\~(k 1) ^ ^ '■ X-qX—rj '. ~\~k ^ ^ i X^X—^ !, 

r?e$+ r/e-*r »?eA+(p)\($[U(-*i)) 

and /i[ = ho [. 

Set A = ($ ( )| t + £ ieI , hivfai). Recall that W — (B n ecW n is the eigenspace 
decomposition of W with respect to wm. 

We now prove that YlieP ^2fej,['nai + Wi- With the notation of (I6.15p . we 

have that 1=1'® I . By Theorem 16.51 : Yiiei' ^fcj.ino^o.io : * s a highest weight vector 
for L { (\). Since W is simple, by Proposition 14.21 L 8 (A*) occurs in W. By Lemma 
EU we have that : Uier ^kana^lh :G W > hence 

iel' / (N-l) \ ie7 ' ' 

By Proposition 13.61 we have that £ i6J / h 2 k i ,i>na i + By (17.21) . since u is the 

Virasoro vector of F(p), it follows that J2iei> ^fci.l'nai + Wi- 
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We can now prove the statement. Given a, (3 G A(p), let E a< p be the linear map 
on p given by E a> p(xp) = x a . By (I3.14p we have 

®(Ep t/3 - E-p-p) =: xpx-p :, 

hence ^2 ieP ^2fe j ,['no i + h\ belongs to the diagonal Cartan of so(p). By the explicit 
description of the embedding of q in F(p), we see that a Cartan subalgebra of $j 
containing t is contained in the diagonal Cartan of so(p). Since Y^ier ^2^,['nai+^[ e 
Wi C Q, it follows that ^fc^r'noj + h\ belongs to a Cartan subalgebra of 

Q containing f) - Then, applying Lemma 17.31 with h = J2 ieI , h 2 k i ,i'na i + h\ Q and 
g' = Wi, we get that either Wi = 6(g) or Y*er tak^n* + € 6(t). 

In the first case Vi(g) = W. In the second case, since 0(>fj) = ^ a eA+(pna 4 ) ■ 
x a x_ a :G 6(f)o), we have that /i, = £ i6J , h 2 k i ,i'n ai ~ Ei G /' 2 ^©(xi) + h [o = 9(/i) for 
some h G f)o- Clearly 

/?eA(p) /?eA+(p) 

Thus 

■ XpX-P ■= ^2 ^(^) : : 

/3e*i /3eA+(p) 

for some ft, G t)o- Notice that {: XpX_p :\ (3 G A + (p)} is a linearly independent set. 
Moreover, since t is abelian, if (3 G then — (3 $[. Thus, since 

= ^ : £/?X-/3 : - ^ '■ XpX-p := ^ : Z/jX_/3 :, 

/3e$ ( nA+(p) ^e(-*[)nA+(p) £eA+(p) 

the statement follows. □ 

Theorem 7.4. Lei f 4 g k a maximal conformal embedding and q a simple 
classical Lie algebra. Assume that W is a simple vertex subalgebra of Vi(q) such 
that Vj(t) C W. Then either W = Vi(g) or W is a simple current extension of 

v s (t). 

Proof. Assume W ^ Vi(fl). If Z t ((($ ( ) + ^2 ieP h^{^i))\i) occurs in W, then, by 
Proposition \7.2\ I = 1(h) for some h G f)o- But then we can apply Proposition 15.31 
to each irreducible component of (o, r) to deduce that + fcjZ/(xj))| t ) is 

a simple current. 

If = so(n,C) and L e ((m) + 6> p ) C W, then, by Lemma I5.4[ we have that 
L { ((m) + 6p) is also a simple current. We have shown that W is a sum of special 
simple currents. The result now follows from Corollary 14.41 □ 

Corollary 7.5. If I ^ Q is a maximal conformal embedding with Q of classical type 
then the simple intermediate vertex algebras Vj(l) C W C Vi(g) are in one to one 
correspondence with the subgroups of Sy, g y 

Proof. By Theorem I7.4[ W is a simple current extension. The result now follows 
from Corollary 14.51 □ 

Remark 7.1. Theorem 17.41 holds also when q is of exceptional type and t is a max- 
imal conformal regular subalgebra. In this case there is indeed nothing to prove: 
browsing through decomposition formulas given in [18] one finds that in the decom- 
position of Vi(fl) either the summands are simple currents or the decomposition has 
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exactly two summands. In both cases any intermediate simple vertex algebra is a 
simple current extension. 

Remark 7.2. We want to present some argument towards conjecture 1.1. By 
Remark 17. 1[ we are left to deal with embeddings f 4 j where t is not a regular 
subalgebra of g. Again one looks at decomposition formulas given in [T5]; it turns 
out that there are six cases in which there are more than two summands in the 
decomposition and not all of them are simple currents: 

(1) G 2 x4h F 4 , 

(2) A 2 -4 E 6 , 

(3) A 2 -4 E 7 , 

(4) C 2 -4 E s , 

(5) A x x A 2 -4 E 8 , 

(6) Ai x G 2 4 E 7 . 

Cases (1), (2), (3), (4) can be settled under the additional hypothesis that a proper 
simple intermediate algebra Vj(t) C W C Vi(g) is rational. Case (1) is dealt with 
the following argument. The decomposition of Vi(fl), in the notation of [18], is: 

A = (Ao, 8A ) + (A 2 , 4A + 4Ai) + (Ao, 8Ai). 

The middle summand in the right hand side is not a simple current. Assume by 
contradiction that the sum of the first two factors is a proper algebra W. Then 
(Ao, 8Ai) is a jy-module: looking at the fusion rules one gets (A 2 , 4A +4Ai) • W = 0, 
against the fact that Vi(fl) is simple. 

For cases (2), (3), (4) we can invoke Gannon's classification of A 2 and C 2 modular 
invariants to get our claim. Indeed, according to |l3j . [14j . in all these cases there are 
only three physical modular invariants that can arise from conformal embeddings 
Vj(fi) C W, with W a rational vertex algebra. Since one arises from the conformal 
embedding of Vj(fi) in itself, one from the embedding of Vj(£) in the sum of its 
simple currents and the third from the embedding of Vj(£) in Vi(g), there are no 
other possibilities. Cases (5), (6) are unclear. 

8. Computing SR(Vi($), Vj(fi)) for maximal conformal embeddings 

Motivated by Corollary [721 m this section we compute explicitly the groups S Vl r s ) 
and the rings SR(Vi(g), Vj(t)) for maximal conformal embeddings £ ^4 g with q of 
classical type. 

Let (a, t) be an irreducible symmetric pair. Lemma [5.21 singles out the following 
elements of Q v (cf. (14.81) . (I4.4p for notation; also recall from the discussion before 
Lemma l5\4l the definition of us and set 03 = L^jsUJs))'- 

(1) x Q := ll s o s , 

(2) o s , s G S : a s = a p for some p G P or J2 P eP a p = a s, 

(3) o s o s >, s G S 1 , s' G S',S ^ S', Xlp e p a v = 2, a s = a 8 > = 1. 

If r is semisimple, let H x be the set of representation of type (2) and (3) with 1 
added and, if # p is long noncompact, also Xq is added. If r is not semisimple, let 
zu G 3(t) be the element such that a p (w) = 1. Define u G 3(t)* by setting cu(zu) = 1. 
If x G tl[ ttt ], define <& x — {a G A(p) | a(f(x) + (-1 - a p (f(x))w) = 1}. In this 
section we identify f2 3 ( r ) with C by identifying L l<yt \cu) with c G C. Note finally 
that Vt z = f2 3 ( r ) x r2[ r ,r]- 
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Set 

H t = {(n,x) EZx n M C n t I x of type (2) or (3), ($ x )(x) = n mod ^f*}. 

Finally, if (a, r) is any symmetric pair and (cij, r D Oj) (i G 7) are the irreducible 
components, then we set 77 r = YLiei ^trwr 

Proposition 8.1. 7/(o, r) is a symmetric pair then H x = S T F ^y Moreover, 77 r is a 
subgroup of Q x and 

(8.1) SR{F(p),V s {x)) = Z[H t ]. 

Proof. Since F(p) = ® ig /F(p n a*), we can clearly assume that (a, t) is irreducible. 

Assume first c semisimple. Consider x G 77 t \{xo}. Assume x of type (2). Let 
A G A(p) and let 7 G A corresponding to it under the map described in (15.1 1) . 
Observe that \(uJg) = c s (7) — 1. Since ^-5 — 7 is positive root, we have c s (^) < 

^ = 2. It follows that \(u y s ) G {1, 0, -1}. Set I = Ea(«v)=i Cx ^ This is obviously 
an abelian bo-stable subspace of p and, by Proposition I5.3[ x = L { (($[)). Thus, 
by Theorem 16. 1[ x occurs in F(p). Assume now x of type (3). Let A G A(p) 
and let 7 G A corresponding to it under the map described in (15. ip . Observe 
that \(u y = c s (j) + c s /(7) — 1. Since a p = 2, 5 — 7 is a positive root so 

c s(l) + c s /(7) < a s + <v = 2. It follows that \(uj y + u£) G { — 1, 0, 1} and we can 
conclude as in the previous case. If finally x = xo then, by Lemma [53] and Theorem 
16. H x occurs in F(p). 

On the other hand, if x G S X F ,^, then either 9 V is long and x = xo or x = L t (($ ( )). 
In the first case we have x G 77 r . In the second case, since F(p) is simple, the proof 
of Proposition 17.21 gives that [ = 1(h) for some h G f)o and Lemma 15.21 gives that 
x G 77 r . 

Assume now r not semisimple. Consider (n, x) G 77 c . We now show that $ x = $[ 
for some ( G Assume that x is of type (2). Let A G A(p) and let 7 G A + be 
the root corresponding to it under the map described in (15. 3p . Let h = u y + (— 1 — 
a p (ui y ))x. Observe that A (h) = (l — a s )c p ( , y) + c s ( r y) — c q ('y). Since 5 — 7 is a positive 
root, we have 0^(7) < a s < 2. It follows that A(/i) G {1,0, —1}. Set I = Y2\(h)=i ^ x x- 
This is obviously an abelian bo-stable subspace of p and 1 G S'. By Proposition 15.31 
L { (($ ( )| 3 ( r )) <g) x = L*(($ ( )). Thus, by Theorem 16.21 (n,x) occurs in F(p). Assume 

now x of type (3). Let A G A(p) and let 7 G A corresponding to it under the 
map described in (15.31) . Let h = u y + cu y , + (— 1 — a v (u y + u y ,))x. Observe that 
X(h) = c s (7) +c s r( , y) — 1. Since 5 — 7 is a positive root, 0,(7) + 0,5/(7) < a s + a s' — 2. 
It follows that X(h) G { — 1, 0, 1} and we can conclude as in the previous case. 

On the other hand, if (n,x) G S F ^, then (n,x) = L { (($[) + kv(x)) with I G £' 
and n = fcdimp + ($ ( )(x). Since F(p) is simple and L f (($,}) occurs in F(p), by 
Lemma 14.1 [ we have that L'(($[)*) occurs in T^p). The proof of Proposition 17.21 
then gives that I = 1(h) for some h G f)o and Lemma I5T21 gives that (($[)(x), x) G 77 t , 
thus (n, x) G 77 r . 

Since F(p) is simple, formula (18. ip follows from Lemma 14.31 □ 

Let (0, t) be a conformal pair with g of classical type. Recall from Section 5.3 the 
symmetric pair (a, r) associated to the pair (fj,t). Note that f2 t = L u (0) (g> f2 t C f2 r . 
We set 

i7{ = i7 r Pi f2{. 
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Proposition 8.2. 

(1) Assume I semisimple. If g = so(n,C) then 

Sv l{3) = {x G H t | x = L t (($ [ )) for some I G £ et,era } U {a: }, 

where the rightmost element appears only if dim m is odd. If g = sp(n,C) 
or g = sl{n + 1, C), then Sy,^ = H { . 

(2) Assume t not semisimple and lit) = 3(f). Then 

S Vi(s) = {( n > x ) e H * I ( n > x ) = L t {($ l )\ l + kdim(pna')K),k G ±Z, 

[ G S' , dim I + k dim(p n a') G 2Z}. 

(3) Ift = Cxsl(p, C) xsl(q, C) and g = sl(p+q, C) then there is an isomorphism 
Q e = C x Z/pZ x Z/gZ such that, with the notation of Lemma \6.6[ 

S Vi( 3 ) = I fay) G Kerip, t G tp(x,y)}. 

In particular S Vi ^ = Z. 

Proof. We first prove (1), so that t is assumed to be semisimple. Assume first that 
(a, r) is irreducible. 

If g = so{n, C), it suffices to remark x G H T actually belongs to S v ,s if and 
only if x occurs in -F(p) (cf. (I3.15P ). Assume x ^ x . Let [ G S be such that 
x = L { (($[)). Then v\ G ^(p) if and only if dim [ is even. Now assume x = Xq. 
Then the highest weight vector of x is, by (I6.3p . given by : T(xg f )v 0m :, hence it 
belongs to F(p)° if and only if dimm is odd. 

Now let = sp(n, C), sl(n + 1, C). If x G S v ,,, then L u (0) <g> x occurs in F(p), 
so, by Proposition 18.11 L u (0) ®i6 H x , hence x G H^. 

On the other hand, if x G H%, by Proposition 18. L u (0) <8> x = for some 

[ G S. Thus ($i)|f = 0. It follows that I G S , hence, by Theorem 16.51 x occurs in 
Vi(g). If (a, t) is reducible, then the result follows by applying the above argument 
to each irreducible component. 

Part (2) follows from (071) . 

We now prove (3). Enumerate the simple roots of type A n by 1, . . . , n from left 
to right. We note that (l(z, j))|tn[i,t] = fa,Uj). In particular L^'"({l(i, j))|tn[t,t]) is a 
special simple current. We define the isomorphism between Q% and C x Z/pZ x Z/gZ 
by L(ck) ® L™({l(i, j)) |tn[e,e]) l— >• ( c ;^ + £>^ 5 j + <7^)- Then the result follows from 
Proposition 16.71 and Lemma [6.61 □ 

Using Proposition 18.21 we can describe explicitly the structure of S v ,~, when g 
is of classical type. In tables below we use the list of conformal embeddings from 
PP. Our results in the adjoint case are given in Table 2. For all other conformal 
embeddings in so(n, C) our results are given in Table 3, and for those in sp(n, C) 
and sl{n + 1, C) in Tables 4 and 5, respectively. We number the simple roots of t 
by seeing its diagram as a sub-diagram of the affine diagram corresponding to the 
pair (a, r). 
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Type of £ 


°F(t) 


S Vi(so(t)) 


generators for <Sfr l(so{l)) 


A n , n odd 


Z/(n + l)Z 


Z/^±±Z 


o 2 


A n , n even 


Z/(n + l)Z 


Z/(n + 1)Z 


Ol 


B n 


Z/2Z 


{1} 




C n , n = 0, 3 mod 4 


Z/2Z 


Z/2Z 


O n 


C n , n = 1, 2 mod 4 


Z/2Z 


{1} 




D n , n = mod 4 


Z/2Z x Z/2Z 


Z/2Z x Z/2Z 


On-1) °n 


-D n , n = 1 mod 4 


Z/4Z 


Z/4Z 


On 


D n , n = 2 mod 4 


Z/2Z x Z/2Z 


Z/2Z 


Ol 


_D n , n = 3 mod 4 


Z/4Z 


Z/2Z 


Ol 




Z/3Z 


Z/3Z 


Ol 


£ 7 


Z/2Z 


{1} 




E 8 


{1} 


{1} 




F A 


{1} 


{1} 




G 2 


{1} 


{1} 





Table 2: the adjoint case. 
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conformal embedding 




S Vi(so(p)) 


generators 




fOT S V 1 (so(p)) 


so(m,C) so((m + 2)(m - l)/2), 
m = 1, 3 mod 8 


Z/2Z 


{1} 




so(m,C) ^ so((m + 2)(m - l)/2), 
m = 5, 7 mod 8 


Z/2Z 


Z/2Z 


°(m-3)/2 


so(m, C) ^ so((m + 2)(m - l)/2), 
m = mod 8 


Z/2Z x Z/2Z 


Z/2Z x Z/2Z 


00, Ol 


so(m,C) so((m + 2)(m - l)/2), 
m = 6 mod 8 


Z/4Z 


Z/4Z 


OO 


so(m,C) so((m + 2) (m - l)/2), 
m = 2 mod 8 


Z/4Z 


Z/2Z 


0(m-2)/2 


so(m, C) so((m + 2)(m - l)/2), 
m = 4 mod 8 


Z/2Z x Z/2Z 


Z/2Z 


0(m-2)/2 


Ax M> fi 2 


Z/2Z 


{1} 




C m so((2m + l)(m - 1)), 


Z/2Z 


Z/2Z 


0m 


m = 0, 1 mod 4 








C m so((2m + l)(m - 1)), 
m = 2, 3 mod 4 


Z/2Z 


{1} 




C x A m _i c — > Z) m 


Z 


2Z 


(-2,0 3 ) 

(-2, 1) if m = 1 


sp(m, C) x sp(n, C) ^ so(4mn, C) 
mn odd 


Z/2Z 


Z/2Z 


°0°m+n 


sp(m, C) x sp(n, C) e — >■ so(4mn, C) 


Z/2Z 


{1} 




mn even 








so(m, C) x so(n, C) e — >■ so(mn, C) 
m = n = mod 4 


(Z/2Z) 3 


(Z/2Z) 3 


°(m-2)/2) °(m+2)/2) 
0O0(m+n)/2 


so(m, C) x so(n, C) c — > so(mn, C) 


Z/2Z x Z/4Z 


Z/2Z x Z/4Z 


0(m-2)/2, 


m = 0, n = 2 mod 4 






0O0(m+n)/2 


so(m, C) x so(n, C) e — >■ so(mn, C) 
m = n = 2 mod 4 


Z/2Z x Z/4Z 


Z/2Z x Z/2Z 


0(m-2)/2, 0(m+2)/2 


so(m, C) x so(n, C) e — >■ so(mn, C) 
m even, n odd 


Z/2Z x Z/2Z 


Z/2Z 


0(m+2)/2 


so(m, C) x so(n, C) e — >■ so(mn, C) 
m,n odd 


Z/2Z x Z/2Z 


Z/2Z 


0(m-3)/20(m+l)/2 




Z/2Z 


Z/2Z 


03 


F 4 ^ D 13 


{1} 


{1} 




A 7 ^ D 35 


Z/4Z 


Z/2Z 


03 


D 8 ^ £>64 


Z/2Z 


Z/2Z 






{1} 


{1} 




so(m, C) x so(n, C) e — >■ so{m + n, C) 


Z/2Z x Z/2Z 


Z/2Z 


°L^J-i°LfJ-i 


m > 3, n > 3 








so(m, C) x so(2, C) so(m + 2, C) 


Z/2Z x Z 


Z 


(l,O m _i) 


m > 3 









Table 3: S y r ( b x\ with (a, t) symmetric pair not of adjoint type. 
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r i i i i * 

conformal embedding 


D Vi(sp(n,C)) 


generators 


C x A. m _ \ y C m 


z 


(-2,o 3 ) 


so(m, C) x A\ <— y C m , m odd 


Z/2Z 


03 


so(m, C) x Ai ^ C m , m =4 


Z/2Z x Z/2Z 




so(m, C) X Ai <->■ C m , m =4 2 


Z/4Z 


02+101 


A 5 l7 10 


Z/3Z 


2 


^6 C 16 


Z/2Z 






{1} 




cwcv 


{1} 




A^C 2 


{1} 





Table 4: S*i( v (n,C))- 



conformal embedding 


^i( S ;(n+l,C)) 


generators 


Ap^i X A q -i e — )■ Apq_i } 


Z/uZ, « = GCD(p,q) 


O r Op_|_ s , 

r = p/u, s = q/u 


so(m, C) e — )■ An-l 


Z/2Z 


o 2 


A m _i e — >■ y4^m-j_ 1 , m odd 


{1} 




y4 m _i A^m-r^-p m odd 


{1} 




A m „i c — > A^m-j_ 1 , m even 


Z/2Z 


O m /2 


4 m _i > A^m-i^_ v m even 


Z/2Z 


O m /2 


#6 ^ ^26 


{1} 






{1} 




C x Ap_ x x <-> A p+ g_i 


z 


(l,OioJ-),i - 1 = modp, 
7 — 1 = 2^ mod q 

777, " 



Table 5: Sy^^+i^))- 



The last line of Table 5 is a restatement of Proposition 18.21 (3). We used the 
notation of Proposition 16.271 The other instances in Tables 4 and 5 have been 
derived using the following procedure. We first find the subspaces I £ S such that 
I = 1(h) for some h £ f)o- To accomplish this, we simply list all the weights of 
p + and, for any h £ f)o of the type described in Lemmas 15.14 15.2} we compute the 
number of weights A for which X(h) = 1, the number of weights for which X(h) = — 1 
and we pick the h for which these two numbers coincide. As an example, we work 
out the most difficult case, that of the conformal embedding A p _\ x A q ^\ ^ A vq ^\ 
in Table 5. 

Recall that in this case the corresponding symmetric pair is (A p+q _i, x A g _x X 
Cx). Order the roots of A p+q _i from left to right so that the first p — 1 (resp. the 
last q — 1) correspond to the roots of the A p _i-component (resp. A q _i -component) 
of t. We want to prove that if r = p/M, s = q/M, then is cyclic of order M 

generated by o r o p+s . 

Denote by a±, . . . , a p+q _i the simple roots of A p+9 _i and set — a>i + . . . + aj. 
Then 

A+(p) ={oij I 1 < i < p < 3 < V + q ~ !}■ 
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Consider x G Sy^uy If x = o s , we observe that o.ij{uS^ + (— e — a p (u^))w) < 
if e = 1 and ^(u^ + ( — e — a p( U} s)) ZC! ) > if e = (cf. Lemma l5TT| ([1])), hence 
($t)| t / 7^ 0. So we may assume that x = o u o p+v , 1 < u < p, 1 < v < q. Let 
u uv = + ujp +v + (—1 — a p (u^ + Up +V ))zu . Then ay(w) = 1 exactly when 
% < u, p + v < j; these indices are w(g — u) in number. Similarly, acij(oj) = —I 
exactly when % > u, p + v > j; these indices are (p — u)v in number. Therefore we 
are led to solve the linear Diophantine equation uq = pv, which gives the desired 
result. 

The above procedure is easily done in the exceptional cases; in the remaining 
classical cases it is performed in the same way using the pictorial display of positive 
roots given in [I]. 

Remark 8.1. If q = sp(n, C) and t is semisimple, then S Vi ^ is a subgroup of index 
2 of IV 

Remark 8.2. The structure of simple current extension in the framework of con- 
formal nets has been studied, in special cases, in [31] (cf. Theorems 3.8 and 3.11). 
The results obtained there agree with those displayed in Tables 2-5. 

We give now a more geometric characterization of the groups -Sj^ro] f° r ( a ) r ) a 
symmetric pair. Recall from (14.61) the definition of / : Q s — > P v . 

Proposition 8.3. If x ^ so(n, C) is a conformal embedding, and (a, r) is the 

associated symmetric pair, we have 

(8.2) S* m[0] = {(0,x) G Q 3(t) x n M | f(x)(A(p)) c Z}. 

In particular, if r is semisimple, S X F ^ has index a p in Q v . 

Proof. We can assume that the pair (a, r) is irreducible. Let H denote the right 
hand side of (IQl . 

Assume first that r is semisimple. Then (18 ,2p turns into 

S t m = {xeQ t \f(x)(A(p))cZ}. 

By IjPJ) . we have that either A(A(p)) C Z or A(A(p)) C \ + Z, (A G P r v ). Also 
note that A(A(p)) C Z if and only if X(6 P ) G Z. If a p = 1, then clearly H = fi t . If 
a p = 2, consider the map from f2 r = P r v /Q^ to |Z/Z given by x + H- 9 v (x) + Z. 
Recall that in any affine Dynkin diagram there is a simple root with label 1, hence 
the map is onto. Since H is the kernel of the map, it is a subgroup of Q x of index 2. 

By our description of H v , we have that H x C H. This is clear from the proof of 
Proposition 18.11 for elements of types (2) and (3) and follows from (6l Lemma 5.7] 
for Xq. Viceversa, assume h G H . Then h = FJ 5 hs, with h$ = Oi, i G S and af = 1 
or hs = 1. Moreover Ylh s ^i f 1 ^ ^' ^ a * ^ ^} ^ or a ^ * anc ^ a p = ^' then ^ is a 
product of elements of i? r hence, since H v is a group, h G i? r . This rules out all the 
classical untwisted cases. The same argument works when a p = 1 and aj = af — 1 

for all z. This rules out the adjoint case and Df^ v The exceptional cases and the 
remaining twisted cases are dealt with by a direct inspection. 

Assume now r not semisimple. For k G N set = {a G A + (p) | (a — a p )(f(x)) = 
k}. Set T = a s if x = o s and T = a s + a s / if x = o s o s i. Since = |z/(x)(/(x)) = 
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EaeA+( P ) a (f( x )) we have that = ^a p {f(x)) + Y%= k\$ k \ so 
(8-3) a p (f(x)) = - ^ 

Clearly 

S kp)[o] = e ^ | n = 0}. 

We now prove that S^p^o] C ff. If x = 1 then /(x) = and there is nothing to 
prove. We can therefore assume that x ^ 0. By the definition of H x we have that 
($ x )(x) = mod — g-^. As shown in Proposition 18.11 there is I G £' such that 
<& x = $ ( . As shown in the proof of Theorem | (<$>[) (x)| < ^j-E, so ($i)(x) = 0. 
It is clear from (15.31) that h(A(p)) C Z if and only if /i(a p ) G Z. We now check 
that a p (f(x)) = -1. Note that = $ 2 and $f = -$ , hence, since (<&()(x) = 
|$ + | - |$"| = 0, we have that 

apC/0)) 



2|$+ 


| + 


1$! 






$+| 


+ | 


$i| 


+ | 





Finally we prove that H C ^(mpi- Choose (0, x) G if. We are assuming that 
a p (f(x)) G Z, hence, by (KT3j) . 

dimp 



^ = mod 



fc=0 

Assume first T = 1, so x = o s for some s G S and a s = 1. Then, by (j8.3|) . 
a p (w^) > -1 hence a 9 (f(x)) = 0. This implies $ 2 = $i = 0, so $ = A + (p). In 
this case (® x ){x) = -|$ | = hence (M) G # t . Now assume T = 2. Then 

i ^ i i ^ i , dimp 

2|$ 2 | + |$i| = mod . 

Since 2|$ 2 | + |$i| = |$ 2 | - |$ | + Hp and ($ x -)(x) = l^l - |$o|, we are done also 
in this case. □ 

Corollary 8.4. If t ^ q is a conformal embedding of a semisimple Lie algebra t 
in q = spin, C) or g — sl(n + 1, C) and (a, r) is the associated symmetric pair, then 

s{ iao = {xGn e |/(x)(A(t>)| t )cz}. 

Proof. If x G ^(g) then, by Proposition 18.21 x G H x . Recall that t = u x t. Since 
t is semisimple, then ^(t) C u, hence L"(0) ® x occurs in F(p)[0]. By Proposition 
E33/(x)(A(p)| t ) = /(x)(A(p))cZ. 

Viceversa, if x G fit is such that /(x)(A(p)| t ) C Z, then, by Proposition 18.31 
(0, x) G H t , hence, by Proposition 18.21 x G Svi(fl)- ^ 

Remark 8.3. Observe that in all cases A(p)u is the set of weights of the standard 
representation of q when restricted to £. 



42 kac, moseneder, papi, xu 

References 

[1] R. C. Arcuri, J. F. Gomez, D. I. Olive, Conformal subalgebras and symmetric spaces. Nuclear 

Phys. B 285 (2) (1987) 327-339. 
[2] D. Adamovic, O. Perse, Some General Results on Conformal Embeddings of Affine Vertex 

Operator Algebras, Algebras and representation theory DOI: 10.1007/sl0468-011-9293-3. 
[3] B. Bakalov, V.G. Kac, Field algebras. Int. Math. Res. Not. (2003), no. 3, 123-159. 
[4] P. Cellini and P. Papi, ad-nilpotent ideals of a Borel subalgebra, J. Algebra 225 (2000), 

130-141. 

[5] P. Cellini, P. Moseneder Frajria, P. Papi, Compatible discrete series, Pacific Journal of 

mathematics , 212 (2) (2003), 201-230. 
[6] P. Cellini, P. Moseneder Frajria, P. Papi, Abelian subalgebras in ^-graded Lie algebras and 

affine Weyl groups, Int. Math. Res. Notices (2004), no. 43, 2281-2304. 
[7] P. Cellini, V. G. Kac, P. Moseneder Frajria, P. Papi, Decomposition rules for conformal 

pairs associated to symmetric spaces and abelian subalgebras of ^-graded Lie algebras, Adv. 

Math. 207 (2006), 156-204. 
[8] P. Cellini, P. Moseneder Frajria, P. Papi, M. Pasquali, On the structure of Borel stable abelian 

subalgebras in infinitesimal symmetric spaces, Selecta Mathematica, DOI 10.1007/s00029- 

012-0097-z 

[9] A. De Sole and V. G. Kac, Finite vs affine W— algebras, Japanese Journal of Mathematics 
1 (2006), 137-261. 

[10] C. Dong, H. Li, G. Mason, Simple currents and extensions of vertex operator algebras. 

Comm. Math. Phys. 180 (1996), no. 3, 671-707. 
[11] C. Dong, G. Mason, On quantum Galois theory. Duke Math. J. 86 (1997), no. 2, 305321. 
[12] I. Frenkcl, Y. Zhu, Vertex operator algebras associated to representations of affine and 

Virasoro algebras. Duke Math. J. 66 (1992), no. 1, 123168. 
[13] T. Gannon, The classification of SU(3) modular invariants revisited. Ann. Inst. H. Poincar 

Phys. Thor. 65 (1996), no. 1, 1555. 
[14] T. Gannon, Q. Ho-Kim The Low Level Modular Invariant Partition Functions of Rank-Two 

Algebras, |arXiv:hep-th/9304106| 
[15] P. Goddard, W. Nahm, and D. Olive, Symmetric spaces, Sugawara's energy momentum 

tensor in two dimensions and free fermions, Phys. Lett. B 160 (1985), 111-116. 
[16] V. G. Kac and D. H. Peterson, Spin and wedge representations of infinite- dimensional Lie 

algebras and groups, Proc. Natl. Acad. Sci. USA 78 (1981), 3308-3312. 
[17] V. G. Kac and M. Wakimoto, Modular and conformal invariance constraints in representa- 
tion theory of affine algebras, Adv. in Math. 70 (1988), 156-236. 
[18] V. G. Kac, M. Sanielevici, Decomposition of representations of exceptional affine algebras 

with respect to conformal subalgebras, Physical Review D, 37, No. 8 (1988), 2231-2237. 
[19] V. G. Kac and M. Wakimoto, Classifications of modular invariant representations of affine 

algebras, in Infinite dimensional Lie algebras and groups, Adv. Ser. Math. Phys. 7, World 

Scientific (1989), 138-177. 
[20] V. G. Kac, Infinite dimensional Lie algebras, third ed., Cambridge University Press, 1990. 
[21] V. G. Kac, A. Radul, Representation theory of the vertex algebra Wi+oo- Transform. Groups 

1 (1996), no. 1-2, 41-70. 
[22] V. G. Kac, Vertex algebras for beginners, second ed., University Lecture Series, vol. 10, 

American Mathematical Society, Providence, RI, 1998. 
[23] V. G. Kac, P. Moseneder Frajria and P. Papi, On the Kernel of the affine Dirac operator, 

Moscow Math. J. (2008) 8 n.4, 759-788. 
[24] V. G. Kac, P. Moseneder Frajria and P. Papi, Addendum to "On the Kernel of the affine 

Dirac operator", Moscow Mathematical Journal 9 (2009), 927-929. 
[25] B. Kostant Powers of the Euler product and commutative subalgebras of a complex simple 

Lie algebra, Invent. Math. 158 (2004), 181-226. 
[26] C. Krattenthaler, Advanced determinant calculus. The Andrews Festschrift (Maratca, 1998). 

Sm. Lothar. Combin. 42 (1999), Art. B42q, 67 pp. (electronic). 
[27] S. Kumar, A generalization of Cachazo-Douglas-Seiberg- Witten conjecture for symmetric 

spaces, Math. Ann. 346 (2010), 67-84. 



CONFORMAL EMBEDDINGS AND SIMPLE CURRENT EXTENSIONS 



43 



[28] D. Panyushev, Isotropy representations, eigenvalues of a Casimir element, and commutative 

Lie subalgebras, J. London Math. Soc. 64 (2001), no. 1, 61-80. 
[29] A.N. Schellekens and N.P. Warner, Conformal subalgebras of Kac-Moody algebras, Phys. 

Rev. D (3) 34 (1986), no. 10, 3092-3096. 
[30] M. Wakimoto, Infinite- dimensional Lie algebras. Translations of Mathematical Monographs, 

195. Iwanami Series in Modern Mathematics. American Mathematical Society, Providence, 

RI, 2001. 

[31] F. Xu, On examples of intermediate subfactors from conformal field theory, to appear in 
Comm. Math. Phys. 

V.K.: Department of Mathematics, Rm 2-178, MIT, 77 Mass. Ave, Cambridge, MA 02139; 
kacOmath . mit . edu 

P.MF.: Politecnico di Milano, Polo regionale di Como, Via Valleggio 11, 22100 Como, Italy; 
pierluigi . mosenederOpolimi . it 

P.P.: Dipartimento di Matematica, Sapienza Universita di Roma, P.le A. Moro 2, 00185, Roma, 
Italy; papiOmat .uniromal . it 

F.X.: Department of Mathematics, University of California at Riverside, Riverside, CA 92521, 
United States; xufeng@math.ucr.edu 



